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Abstract

Locale theory (or point-free topology) may be regarded as the study of topology on a lattice-theoretic foundation.
Instead of topological spaces, the objects of study are called frames (or locales); these are complete lattices
which satisfy a particular infinite distributive law. Frames and their homomorphisms offer one perspective of
point-free topology, another perspective is given by locales and their morphisms (localic maps). The theory of
locales generalises sober space topology; moreover, there is a categorical duality between the so-called spatial
frames and sober spaces. Locale theory genuinely offers new insights and results in topology, for instance,
sublocales (i.e. generalised subspaces) are better behaved than their classical counterparts: every locale contains
a least dense sublocale — a result which has no analogue in point-set topology — this has the consequence that
there are more point-free spaces than classical spaces, i.e. there exist locales (the non-spatial ones) which do not
arise from topological spaces. Since frames are algebras, frames may be presented by generators and relations;
in our case the generators form a meet-semilattice and the relations are encoded in a coverage on the generators
— a meet-semilattice equipped with a coverage is called a site, and every site canonically freely generates a frame
(for example, the frame of ideals of a distributive lattice is just a special case of a freely generated frame over
a site). Compactness of locales is a point-free invariant, and there is a localic Kuratowski-Mréwka Theorem
which characterises compact locales via closed projections from a binary coproduct of frames — this offers a

categorical (or extrinsic) characterisation of localic compactness.


Joshua Passmore


Acknowledgements

I am grateful to my supervisor, David Holgate, for all the support and encouragement he has given me along
the way of my mathematical journey; he has been incredibly kind and understanding towards me. Prof Holgate
is the research chair of Topology for Tomorrow (T4T), an ongoing collaborative mathematics project at the
University of the Western Cape, which funded my studies during the duration of my Master’s — I wish to thank
David and T4T for this financial support. I have made many friends through TAT and UWC, they have made my
university experience positively memorable. I must thank Ando Razafindrakoto for his help with categorical
concepts, particularly adjoint functors (these play an important réle in the thesis), my discussions with him were
very fruitful. Many point-free insights were made through conversations with my good friend Ana Belén — Ana
has been a great friend to me, and she greatly helped me with my learning of point-free topology. Life is not
all about mathematics, and I must thank those closest to me for keeping my life balanced, particularly my dear
friend Inken. Lastly, I thank my family for being my foundation in life.

ii



Declaration

I declare that The foundations of locale theory is my own work, that it has not been submitted before for any
degree or assessment in any other university, and that all the sources I have used or quoted have been indicated

and acknowledged by means of complete references.

Joshua David Passmore

Date: July 26, 2025

iii



Contents

ADSITACt . . . . o e e e e e e e e e
Acknowledgements . . . . . . . .. e e e e e e e e e e
Declaration . . . . . . . . . L e e e e e e e e
Introduction
0.1 The origins of point-free topology . . . . . . . . . . . . e
0.2 Synopsisofthethesis . . . . . . . . . L e
Preliminaries
1.1 Galois connections and Heyting algebras . . . . . . . . . . ... .. ... .. oL
[.1.1  Galois connections . . . . . . . . . . v v i v it e e e e e e e
1.1.2  Heyting algebras . . . . . . . . . . . . . e e e e e
1.2 Adjoint functors . . . . . . . ... e e e e e e e e
1.2.1  Adjunctions in terms of natural bijections . . . . . . . ... ... ... ... oL,
1.2.2  Adjunctions in terms of units and counits . . . . . . . .. .. .. L oo
1.2.3  Adjunctions in terms of universal properties . . . . . . . . . ... ... ... ...,
1.2.4 A summary of the characterisations of adjoint functors . . . . . . ... ... .. ...
From spaces to locales: locale theory as an extension of sober space topology
2.1 Introducing frames and locales . . . . . . . ... ...
2.2 POINIS . . . o o e e e e e
2.3 Anexcursion: the alternative descriptionsof points . . . . . . . . . .. .. ... ... ...,
2.4 The adjunction between spaces and locales . . . . . . . . .. ... ... ... ... ...,
24.1 Describingthecounit . . . . . . . . .. L e
242 Describingtheunit . . . . . . . ...
2.4.3 Exhibiting the adjunction . . . . . . . . . ... L e e e
2.5 Moreonspatiality . . . . . . . . e e e e e e e e e e
2.5.1 Spatial Booleanframes . . . . . . . . ... L
2.6 More onsobriety . . . . . . ... e e e e e e e e e e e
Sublocales
3.1 Some technical machinery . . . . . . .. . .. . . e
3.2 CloSUre OPEratorS . . . v v v v v v v v e e e e e e e e e e e e e e e e e e e e e e e e
3.3 Introducing sublocales . . . . . . . . .. e e e e
3.3.1 Isomorphismeclasses . . . . . . ... ... L

iv

ii

iii

10
12
12
14
21
24

25
26
29
30
34
35
36
38
40
41
42



34
3.5
3.6
3.7
3.8
39
3.10

Nuclei and sublocales . . . . . . . . . . o L e e e
Sublocales induced by subspaces . . . . . . . ... L
Closed sublocales . . . . . . . . . . . e e
Opensublocales . . . . . . . . . . . e e e e
A detour on negation in Heyting algebras . . . . . . . .. ... .. L oo
Density . . . . . . e e e e e e
The coframe of sublocales, and the frame of nuclei . . . . . . . . . . . . . .. ... .. ...

3.10.1 Avrepresentationtheorem . . . . . . . . . . . ...

4 Freely generated frames

4.1
4.2

4.3

Free frames . . . . . . . . e e e
Coverages and SIteS . . . . . . . . . L L e e e e e e e e e e e
421 C-deals . . . . o e e
Freely generated frames . . . . . . . . . . . . ... e e e e

5 Compactness

5.1 Introducing localic compactness . . . . . . . . . . . it e e e e e e
5.2 Briefly on binary coproducts of frames . . . . . . .. ... oL oL o
5.2.1 The unit decomposition Property . . . . . . . . v v v v v b e e e e e e
5.3 Closedlocalicmaps . . . . . . . . o o e e e e e e e e e e e e e
5.3.1 Closed projections . . . . . . v v v v v it e e e e e e e e e e e e e e
5.4 Constructing the localic Kuratowski-Mréwka Theorem . . . . . .. ... ... ... .. ...
541 Theconverse . . . . . . . . o i i i i it e e e e e e e e
Bibliography

53

61
61
63
65
66

70
71
72
73
74
76
76
77

81



Chapter 0

Introduction

Most university students who pursue an undergraduate degree in pure mathematics will encounter the subjects
of analysis (both real and complex), metric spaces, and possibly elementary point-set topology. It is certainly
the case that a graduate programme in pure mathematics will include a course on topology; we learn that a
topological space is a set of points equipped with a family of open sets (a topology), and our spatial intuition
becomes ingrained in this way of thinking (i.e. working with points and open sets). One perspective that the
lecturer may portray to the students is that the notion of topological space generalises that of metric space,
where the distance function is forgotten and there is an emergence of spaces with no concept of distance at all —
it is then the open sets (which live on the points) that play a foundational role. However, after the development
of lattice theory in the 1930s and 1940s, there came a significant generalisation of the notion of topological
space, this is the notion of locale (this can be taken a step further, in its geometric aspects the notion of topos
generalises that of locale — for more on this see [16] — though we won’t be exploring toposes here). With locales
we forget about the points in spaces: the lattices of open sets become the primitive notion (see [14]). The
topological nature of a locale lies in its ‘lattice of opens’, and the points (if any) live on the open sets rather than
the other way round (cf. [15]). Point-free topology (also known as locale theory) is the study of topology on
a lattice-theoretic foundation, where the objects of study are colloquially referred to as ‘spaces without points’
(i.e. locales). However, point-free topology has two flavours to it: one algebraic, and the other topological.
From the algebraic perspective, the objects of study are called frames and the structure-preserving maps are
called frame homomorphisms — we thus have a concrete category called the category of frames. The topological
features of point-free topology display themselves when one works with the opposite of the category of frames
— this is known as the category of locales. Thus frames and locales are extensionally the same thing, the only

difference is in the morphisms: frames arise algebraically and locales topologically.

Before we continue, let us point out the following: the reader is assumed to understand the basic theory of
posets and lattices, as well as some foundational category theory, in particular, one should be comfortable
working with categories, functors, natural transformations, and (co-)products. We will cover adjoint functors
in the proceeding chapter. Some knowledge of elementary point-set topology would be useful too (see [22]
for the required background). For background in lattice theory, we refer the reader to the first two chapters of
[6] (the fourth chapter is also useful for insight into distributive lattices and Boolean algebras), and our main
reference for category theory is Leinster’s excellent textbook [21]. If the reader desires a terse ‘crash course’ in
lattices and categories, then we recommend the first chapter of [13]. In this introductory chapter of the thesis

we will outline some of the historical developments of point-free topology; our references for this are given by



[14, 15, 16].

Modern pure mathematics may broadly be partitioned into two (interconnected) parts: algebra (the study of
operations on structured sets) and geometry! (the study of spatial relations — see [31, Introduction]). Indeed,
categorically speaking, they are dual to each other. As a simple concrete example of such a duality, we can
consider the category Set (of sets and their functions) and the category CABool (of complete atomic Boolean
algebras and their homomorphisms). Here Set is viewed as geometric and CABool is viewed as algebraic. Then
it is straightforward to see that CABool is dual to Set (i.e. Set®® ~ CABool, where ‘~’ denotes equivalence of
categories): the powerset functor £ : Set — CABool°® (which sends each set A to its powerset £ (A), and
each set function f : A — B to its induced preimage function f~![~] : P(B) — P(A)) is an equivalence
(it is fully faithful, and essentially surjective on objects) — for further details on this duality the reader should
consult [40]. What is striking about this fact is that Set is quite an ordinary category (sets and their functions
aren’t very structured), while, on the other hand, complete atomic Boolean algebras and their homomorphisms
are very structured. It is the simple act of turning the arrows round which produces a dramatically different

category — for the most part, this is generally true about categories. For instance, in [15] Johnstone states:

“most categories of practical importance in mathematics (with two important classes of exceptions: abelian
categories and categories of relations) are very different from their opposites, and our categorical intuition
(largely conditioned by our experience of the categories of sets and of topological spaces) is strongly non-self-
dual, so that the simple act of turning the arrows round produces a new insight into the nature of the objects

and the way in which they interact.”

The duality between Set and CABool is just one of the many examples throughout pure mathematics which
amplify the slogan ‘algebra is dual to geometry’ (we will meet more examples later on). If we think historically
for a moment, the need for an algebraic approach to geometry is significant, for example; vector spaces emerged
as an abstraction of the Euclidean space that was used in classical physics. The field of linear algebra, which
finds useful applications in quantum mechanics (the state space of a quantum mechanical system is typically an
infinite dimensional Hilbert space — see [8]), developed with this abstraction of Euclidean space and is perhaps
one of the first examples of the connection between algebra and geometry. A common theme that we will

explore further is the intertwined relationship between algebra and geometry.

0.1 The origins of point-free topology

There is already a detailed article on the history of point-free topology written by Johnstone (see [16]), our goal
here is to provide a summary of that article and highlight the emergence of locale theory as an autonomous
subject in its own right.

The roots of point-set topology can be traced back to the development of real analysis in the nineteenth century.
However, a great leap forward came in 1906 with Maurice Fréchet’s doctoral dissertation in which he introduced
metric spaces that enabled the abstraction of analysis on other ‘exotic’ spaces as opposed to just the reals or
complex numbers (this was particularly the case in the 1920s with the development of normed vector spaces

in which the norm induces the metric). The breakthrough with metric spaces is that we can begin to talk

1We include the subject of analysis as a subset of geometry.



abstractly about distances between points in a space, and hence write down precise definitions for concepts such
as convergence and continuity in terms of the distance function. Fréchet did not introduce the notion of open
set in metric spaces, though he did work with closed sets: he defined a set to be closed iff it contained all its
limit points (i.e. iff it contained the limit of every convergent sequence inside it). Felix Hausdorff extended the
work of Fréchet: in 1914 Hausdorft released his book Grundziige der Mengenlehre (translated as ‘Basics of Set
Theory’) [9, 10], in it he introduced as a primitive notion the concept of a neighbourhood of a point and thus
freed the restrictive notion of distance. A space then consisted of a set of points and a set of neighbourhoods.
The use of neighbourhoods enabled Hausdorff to define the concept of open set in an abstract sense (nowadays
we may declare a set to be open iff it is a neighbourhood of each of its points), and he was indeed able to show
that any union of open sets is open and any finite intersection of open sets is open. Hausdorft was thus the
first mathematician to place emphasis on the importance of the notion of open set in the study of continuity
properties in abstract spaces [ 14]. Incidentally, Hausdorff had defined his spaces with some degree of separation
between points: any two distinct points could be separated through disjoint neighbourhoods (this is of course
what is now referred to as the Hausdorff separation axiom). For more on the early history of point-set topology

and analysis, see [23].

Shortly after Hausdorff’s time, it became well-known that a topological space is something which is defined by
a set of points as well as a lattice of open sets. Subsequently, many ‘topological properties’ (e.g. compactness
and connectedness) that were familiar in analysis were extended to topological spaces, and theorems regarding
these properties were constructed. There are in particular two theorems that stand out to us:

Theorem 0.1.1. A ropological space X is compact iff, for any space Y, the projection ny : X XY — Y is

closed.
Theorem 0.1.2. Let X be a topological space. If X is Hausdorff, then compact subspaces of X are closed.

Most textbooks on point-set topology (e.g. [4, 22]) will provide a proof for Theorem 0.1.2, while Theorem
0.1.1 (known as the Kuratowski-Mréwka Theorem for compact spaces) was first proved in [24]. Both of these
theorems can be extended to the context of point-free topology — see for instance [35, 42] — and it is one of the

goals of this thesis to construct the point-free proof of Theorem 0.1.1.

Until the 1950s, topological spaces were understood through both their points and their open sets: the point-free
perspective (i.e. the philosophy that a space is a lattice of open sets) had not yet emerged. The field of lattice
theory (as pioneered by Garrett Birkhoft in his book Lattice Theory [3]) only saw development in the 1930s and
1940s. A pivotal moment came with Marshall Stone’s representation theorem for Boolean algebras in the years
of 1936 and 1937 (see [37, 38]) — which may be regarded as the initial impetus for the lattice-theoretic approach
to topology — we now refer to this result as Stone duality; in today’s language this says that the category of
Boolean algebras is dual to the category of totally disconnected compact Hausdorff spaces (see [21]), this is
consistent with the idea that ‘algebra is dual to geometry’. What is remarkable about Stone’s work is that he
proved his result before the birth of category theory in the 1940s. Stone duality tells us that topology cannot be

separated from algebra.

Around the year 1957, Ehresmann and Bénabou observed that, in some sense, the open sets in spaces are more
fundamental than the points [14]. They began studying certain complete lattices which satisfied an infinite

distributive law — they called such lattices local lattices (today we now refer to them as frames or locales). It



was noted that every topological space gives rise to a frame, but not all frames come from topological spaces;
thus frames were seen to ‘generalise’ topological spaces. The name ‘frame’ for describing these local lattices
made its first appearance in the paper [7] (in 1966) by Dowker and Papert-Strauss. In [7], the authors define
the category Frm as the category whose objects are frames and whose morphisms are frame homomorphisms
(i.e. those functions which preserve all joins and finite meets). It was observed that there is a canonical
contravariant functor Top — Frm (where Top is the category of topological spaces and continuous maps);
this contravariance lead to Isbell (in the year 1972, see [11]) to define the category Loc of locales as the formal
opposite of Frm, thus making Loc a covariant ‘extension’ of Top. In [11], Isbell observed that Loc is in
fact an improvement of Top; this improvement essentially all comes down to the fact that in Loc every locale
contains a least dense sublocale (a fact which has no analogue in Top). Locale theory (or point-free topology)
may be understood as the study of Frm and Loc; however, Loc is formally not a concrete category — the
morphisms are ‘reversed’ frame homomorphisms — in [31] localic maps are introduced as the right adjoints of
frame homomorphisms, and Loc is there thought of as the concrete category with locales as objects and localic

maps as morphisms.

0.2 Synopsis of the thesis

The goal of this thesis is to provide a general survey of locale theory (i.e. the study of topology on a lattice-
theoretic foundation), starting from spaces and then moving to frames. The final chapter sees applications of
the developed theory towards point-free compactness, closed localic maps, and the localic Kuratowski-Mréwka

Theorem.

Chapter 1

The mathematical preliminaries are covered in Chapter 1; this consists of Galois connections, Heyting algebras,
and adjoint functors; those who are already comfortable with this material can skip this chapter. Here, we
first start with Galois connections (and some immediate results which follow from the definition) and then
cover the important ‘adjoint functor theorem for complete lattices’. Heyting algebras follow immediately from
Galois connections, and the Heyting implication provides a useful example of a right adjoint. We note that a
complete lattice is a Heyting algebra iff a certain infinite distributive law holds (the frame distributivity). We
move onto the discussion of the theory of adjoint functors in some detail — an adjuntion is introduced as a
natural bijection between particular hom-sets. We offer alternative (but equivalent) characterisations of adjoint
functors in terms of the unit and counit natural transformations, as well as universal properties. We emphasise
that every adjunction restricts to an equivalence between full subcategories in a canonical way, here the notion
of idempotent adjunction plays a special rdle.

Chapter 2

Our exposition of the theory of locales begins in Chapter 2; we first demonstrate how one abstracts the definition
of a frame from the lattice of open sets of a topological space, and, in a similar manner, how one obtains a
frame homomorphism from a continuous map (frames and their homomorphisms yield the category Frm). The
category of locales is defined as Loc := Frm®P, this allows us to define a canonical functor O : Top — Loc.
Locales are viewed as a kind of space, and thus the notion of point of a locale (frame) is defined — we offer

alternative descriptions of points. The ‘point-set’ of a locale yields a topological space in a canonical way;



this defines a functor pt : Loc — Top which we demonstrate as being right adjoint to O. The adjunction
O H pt restricts to an equivalence between the so-called ‘sober spaces’ and ‘spatial locales’. The spatial locales
are precisely those locales which arise as the open-set lattices of topological spaces, thus non-spatial locales
are inherently of particular interest: we show that a Boolean frame is spatial iff it is atomic (as a complete
Boolean algebra) — this provides an ample supply of non-spatial frames. We end the chapter by providing
various characterisations for sobriety, and show that every Hausdorff space is sober, and every sober space is

To. It turns out that sobriety is incomparable with the 7 separation axiom.

Chapter 3

The subobjects in Loc may initially be described as certain closure operators called nuclei (a nucleus on a locale
A is a closure operator n : A — A which preserves finite meets). A sublocale of a locale A is then defined as
the fixset of a nucleus n : A — A; the content of Chaper 3 is devoted to the study of sublocales. We show that
a sublocale can be characterised as a subset closed under both arbitrary meets and the Heyting implication in the
ambient locale. A useful result is that any localic map naturally factors through a sublocale as an epimorphism
followed by an extremal monomorphism. In order to motivate the definitions of open and closed sublocale, we
demonstrate how any subspace of a topological space induces a sublocale of the corresponding open-set frame.
The fundamental result of Chapter 3 is Theorem 3.9.3 which states that every locale contains a least dense
sublocale — this result is one of the many improvements of topology as studied in the category Loc. We end the
chapter with a representation theorem for frames which states that every frame is isomorphic to a subframe of

a complete Boolean algebra.

Chapter 4

The algebraic aspects of frames are explored in Chapter 4; the fact that frames are equationally presentable
(with the existence of free frames over sets) has a number of pleasant consequences (see Theorem 3.1.6). We
are mostly interested in the construction of free frames over meet-semilattices: the free frame over a meet-
semilattice A is the frame D(A) of down-sets of A. We show that there is a canonical way to ‘freely generate’
a frame over a meet-semilattice; with the notions of coverages and sites, the concept of C-ideal is defined — the
set C-Id1(A) of all C-ideals of a meet-semilattice A is a sublocale of D(A) and is ‘freely generated’. Our proof
of Propostion 4.2.12 seems to be a novel way of proving that C-Id1(A) is a sublocale of D(A) — the proof makes
use of our Lemma 4.2.11.

Chapter 5

The final chapter is where we see the applications of locale theory in the study of compactness. The goal of
Chapter 5 is to prove the localic version of the celebrated Kuratowski-Mréwka Theorem (see [24]); our final
result (Theorem 5.4.10) is not a new fact, but our approach to arriving there may be more straightforward than
that of [20, 35]. In particular, we discovered a novel method for proving Theorem 5.2.4 (this was previously
proved in [20], but the Axiom of Choice was used there) — our method of proof is in fact constructive (i.e. we do
not use Choice nor excluded middle). Closed localic maps are discussed in detail, in particular closed localic
projections. Using the notion of the unit decomposition property (briefly, UD) — as introduced in [35] — we
demonstrate that a locale is compact iff it satisfies UD. Finally, we construct an extrinsic characterisation for
localic compactness: a frame A is compact iff, for all frames B, the localic projection 75 : A ® B — B is

closed — this is the localic (or point-free) Kuratowski-Mréwka Theorem.



Chapter 1

Preliminaries

In order to do locale theory, one needs a prior understanding of posets and lattices, as well as category theory.
The aim of this chapter is to introduce the mathematical machinery (from lattice theory and category theory)

that we will be using throughout the rest of the thesis.

Galois connections and Heyting algebras are of the utmost importance in locale theory: we will later see that
we can use Galois connections to define localic maps from frame homomorphisms (frame homomorphisms
are left adjoints and localic maps are right adjoints), moreover the Heyting implication appears in the defini-

tion of sublocale and becomes useful when navigating sublocales since the Heyting implication is a right adjoint.

Adjoint functors are ubiquitous in mathematics, and indeed in locale theory: the interaction between topological
spaces and locales results in an idempotent adjunction; moreover, there are multiple free-forgetful adjunctions
between certain categories of semilattices and frames. We will meet examples of adjoint functors along the way

of this investigation, and thus we introduce them in this chapter.

1.1 Galois connections and Heyting algebras

A Galois connection between posets is a special case of something more general, that is, an adjunction between
categories. Before looking at the general theory of adjoint functors, we will restrict ourselves to adjoint monotone
maps. This will provide us with a firm grounding in the mathematics of adjoints: much of the phenomena that

is present in adjunctions between categories can already be seen in Galois connections between posets.

1.1.1 Galois connections

We could begin the definition of Galois connection with respect to preordered sets, however, we will essentially
only be working with posets (and lattices, complete lattices, etc.) hence we will provide the definition of Galois

connection in terms of posets. Our main reference for this section is [31].

f
Definition 1.1.1. Let X and Y be posets, and consider functions X 2 Y. We say that f and g are
g

in a Galois connection or are Galois adjoint (with f left adjoint to g, g right adjoint to f, and write



fHg)iff
(Vx e X)(Vy eY) fx) Sy = x<g().

f
As for notation, we will often denote a Galois connection by X 3 Y to mean that the function f is left
g
adjoint to the function g.
f
. . . . ) . .
Observation 1.1.2. Consider a Galois connection X o Y. We can view f and g as functions between
g

the opposite posets: X 7 > Y°P. Letx € X and y € Y, then we have
g
f) <y &= x<¢ly)

iff y<P fx) = g <Px.

f
/3
We can conclude that we have a Galois connection X°° = Y°P  ie. f is right adjoint to g in this dual
~_ ~—

g
case. It follows that the notions of left and right adjoint are dual to one another: this is important, as we will be

able to deploy the principle of duality in our arguments about Galois adjoints.

f
Proposition 1.1.3. Let X 3 Y be a Galois connection. Then f and g are both monotone.
g

Proor. Take x| < xp in X. We have

f(x2) < f(x2)
— x; < g(f(xz)) (because f 4 g)
= x1 < g(f(x2))

— f(x1) < f(x2) (because f 4 g).

Thus f is monotone. That g is monotone follows dually. [

f
Sofor X <= Y tobe a Galois connection between posets, it is necessary that f and g both be monotone.
g

From now on, whenever we are dealing with Galois connections, we will always make it explicit that we are

working with monotone maps.

Proposition 1.1.4. Ler X L Y be a monotone map between posets. Suppose that a right adjoint Y 5 x of f

exists. Then g is unique.

ProoF. Let Y 25 X also be a right adjoint of f. For allx € X and y € Y we have x < g(y) iff f(x) < y iff

x < g'(y). Now g(y) < g(y),s0g(y) < g'(y). Also, g'(y) < g'(y), s0 g’(y) < g(y). By antisymmetry we
conclude that g(y) = g’(y). It follows that g is the unique right adjoint of f. [ ]

By duality we obtain



Fact 1.1.5. Let Y 55 X be a monotone map between posets. Suppose that a left adjoint X L Y of g exists. Then

f is unique.

f
Proposition 1.1.6. Let X 2 Y be monotone maps between posets. Then f 4 g iff f - g < idy and

g
dy <g-f.

Proor. (=) Suppose f 4 g. Forall y € Y, we have g(y) < g(y), and hence f(g(y)) < y. Dually, for all
x €X,x < g(f(x).

(<) Suppose that f - g <idy andidy < g- f. Takex e Xandy €Y.
* Suppose that f(x) < y. Then g(f(x)) < g(»), since g is monotone. But x < g(f(x)), sox < g(y).
* Suppose that x < g(y). Then f(x) < f(g(y)), since f is monotone. But f(g(y)) < y,s0 f(x) <

Thus f(x) < yiffx < g(y). [ |

Proposition 1.1.6 shows us that Galois connection is weaker than order isomorphism: every order isomorphism
yields a Galois connection, but not every Galois connection yields an order isomorphism. As an example,
consider a function between sets f : X — Y. This induces a so-called image-preimage adjunction between
the powerset lattices:

fI=1:P(X) = P f7'[-] (1.1)
Foreach A C X and B C Y, we have f[A] C Biff A C f~'[B], and thus f[-] 4 f~![~]. But, in general, we
cannot expect (1.1) to be an isomorphism.

Remark 1.1.7. f~![~] also has a right adjoint, namely ¥ \ f[X \ —].

As a consequence of Proposition 1.1.6, we obtain

f
Corollary 1.1.8. Let X 3 Y be a Galois connection between posets. Then fgf = f and gfg = g.

g
Proor. Take x € X. Thenx < g(f(x)),so f(x) < f(g(f(x))). But we also have f(g(f(x))) < f(x). Hence
f(g(f(x))) = f(x). That g fg = g follows by duality. [ |

S

Corollary 1.1.9. Let X =Y be monotone maps between posets that are in a Galois connection (i.e. f 4 g
g

or g 4 f). Then f is injective iff g is surjective.

Proor. (=) Let f be injective. Take x € X. Then f(g(f(x))) = f(x), so g(f(x)) = x. Thus g is surjective.

(&) Let g be surjective. Let x1,x; € X be such that f(x) = f(x2). There exist y;, y» € Y such that x; = g(y)

and xz = g(y2). So f(g(y1)) = f(g(y2)). Thenx; = g(y1) = g(f(g(y1))) = g(f(g(y2))) = g(y2) = x2. Thus
f is injective. u

Remark 1.1.10. We note that, as a consequence of Corollary 1.1.9, for a Galois connection X 2 Y (i.e.
g

fHgorg4 f)if fisinjective (equivalently, if g is surjective) then g f = idx.



f
Observation1.1.11. Let X 3 Y beaGalois connection between posets. This induces a Galois connection

g
between suitable subposets,

/zN
glyl +  fIX],
\\7/
g
where f : g[Y] 2 g(y) — f(g(y)) and g : f[X] 3 f(x) — g(f(x)). Straightforward verification reveals

that f and g are both bijective; moreover, f - g = idf[x; and g - f= idg(y) (i.e. ()"! = 3). We thus have
g[Y] = f[X], and conclude that every Galois connection between posets induces an isomorphism of suitable

subposets.
f

Proposition 1.1.12. Let X 3 Y be a Galois connection between posets. Then [ preserves all existing
g

joins, and g preserves all existing meets.

Proor. Let A C X, and suppose that \/ A exists in X. Put s = \/ A. Since f is monotone, f(s) is an upper
bound of f[A] inY. Let y € Y be an upper bound of f[A]. For each a € A, f(a) < y, and hence a < g(y).
Thus g(y) is an upper bound of A. But s is the least upper bound of A, so s < g(y), and it follows that f(s) < y.
This shows that f(s) is the least upper bound of f[A] inY,i.e. f(s) = f(\V A) =V f[A]. That g preserves all
existing meets follows by duality. [

The most important result in this section is the so-called ‘adjoint functor theorem for complete lattices’. This is

presented in the following two theorems.

Theorem 1.1.13. Let X and Y be complete lattices, and let X L Y be a monotone map. Then f is a left adjoint

iff f preserves all joins.

Proor. (=) This is Proposition 1.1.12.

(&) Let f preserve all joins. Define a function f, : ¥ —s X by fu(y) = V{x € X | f(x) < y}. Take a € X
andy €Y.

* Suppose f(a) <y. Thena € {x € X | f(x) < y},s0a < f.(y).

* Suppose a < fi(y). Put A ={x € X | f(x) <y}. Wehave f(a) < f(fi(y)) = f(VA) =V f[A] <.
It follows that f 4 f.. n

By duality, we have

Theorem 1.1.14. Let X and Y be complete lattices, and let Y 2, X be a monotone map. Then g is a right

adjoint iff g preserves all meets.

As for notation, we take note of the following. If X L Y is a join-preserving map between complete lattices, then
we denote its right adjoint by f., where f.(y) = V{x € X | f(x) < y}. Dually, if Y 5 Xisa meet-preserving
map between complete lattices, then we denote its left adjoint by g*, where g*(x) = A{y €Y | x < g(y)}.



1.1.2 Heyting algebras

We now introduce Heyting algebras, which form part of the centrepiece of locale theory. Our references for this
section are [13, 27].

Remark 1.1.15. Throughout the rest of this thesis, all lattices are assumed to be bounded. That is, we assume
our lattices to have joins and meets of all finite subsets'. For example, the chain (N, <) (the naturals with the

usual order) is not a lattice, since /\ @ does not exist in N (i.e. (N, <) lacks a top element).

Definition 1.1.16. Let A be a lattice. A Heyting operation on A is a binary operation of implication =
which satisfies the following condition:

(Va,x,y € A) anx <y iff x < (a=y). (1.2)
The condition (1.2) is known as the Heyting condition.

Definition 1.1.17. A (complete) lattice equipped with a Heyting operation is called a (complete) Heyting
algebra.
Remark 1.1.18. For a Heyting algebra A, we often refer to the Heyting operation = as the Heyting implication.

Observation 1.1.19. Let A be a Heyting algebra, and fix an a € A. The Heyting condition (1.2) says precisely

that the monotone map a A (—) is left adjoint to @ = (—). Thus, when A is a complete Heyting algebra, we have

(aﬁy}=\/{x€A|a/\x<y}.

Furthermore, since right adjoints are unique (when they exist), it follows that a given Heyting algebra has one

and only one Heyting operation defined on it (i.e. a lattice admits at most one Heyting operation defined on it).

Proposition 1.1.20. A complete lattice A is a complete Heyting algebra iff, for each a € A and (x;);e; C A, we

a/\\/xi=\/(a A Xi). (1.3)

iel iel

have

Proor. (=) Let A be a complete Heyting algebra, and fix an ¢ € A. The Heyting condition (1.2) states that
a A (—) is a left adjoint and thus preserves all joins. We thus immediately obtain Eq.(1.3).

(<) Let A be a complete lattice such that Eq.(1.3) holds for all a € A and (x;);e; € A. Foreacha € A, a A (-)

preserves all joins and thus has a unigue right adjoint a = (-). [

Thus, internally, the important property of a complete Heyting algebra is that the finite meets distribute over the
arbitrary joins.

A morphism of Heyting algebras is a morphism of the underlying lattices which preserves the Heyting implica-
tion. Similarly, a morphism of complete Heyting algebras is a lattice homomorphism which preserves all joins
and the Heyting implication. We therefore obtain two categories: Hey (the category of Heyting algebras and
their morphisms) and cHey (the category of complete Heyting algebras and their morphisms).

11t suffices to require that our lattices have 0 and 1, and binary joins and binary meets.

10



Proposition 1.1.21. Every Heyting algebra is a distributive lattice.

Proor. For a Heyting algebra A, and a € A, the monotone map a A (—) preserves all joins. Hence A is a

distributive lattice. [ ]

Remark 1.1.22. Thus, to construct a lattice which is not Heyting, it suffices to construct a lattice which is not

distributive.
Proposition 1.1.23. Every Boolean algebra is a Heyting algebra.

Proor. Let A be a Boolean algebra. For all a,y € A, puta = y := —a VvV y. We claim that = is the Heyting

implication on A. We have:

x<(a=>y) & x<-aVy
= aAx<aA(-aVy)
— aAx<(aA-a)V(any)
— aAx<aly

— aAx<)y.
In the converse direction:

aAx<y = -aV(arx)<(a=Yy)
& (raVa)A(-aVx)<(a=y)
— —aVx<(a=y)

— x<(a=>y).

We can conclude that =, as defined above, is the Heyting implication on the Boolean algebra A. [
Let A be a Heyting algebra, and fix a, b € A. Recall that a = b is the largest element x € A for whicha Ax < b:
(VxeA) anx<b iff x < (a=Db).

Proposition 1.1.24. For any Heyting algebra A, and a, b, c € A, we have:
(i) a=a=1,
(i) bA(a=Db)=b,
(iii) aN(a=b)=aAb,
(iv)y a=> (bAc)=(a=b)A(a=c), and
W) a<sbifa=b=1.
Proor. (i) a = a is the largest element x € A for whicha A x < a. Thusa = a = 1.
(ii) Wehavea Ab < b,s0b < (a= b),ie.b A(a = b)=b.

(iii) Since (a = b) < (a = b),wehavea A (a = b) < b. Also, (a = b) < (a = a),soa A (a = b) < a.
ThisyieldsaA(a = b) < anb. NowaA(aAb) < b,soaAb < (a = b),andhenceaAb < an(a = b).
We can conclude that a A (a = b) =a A b.

11



(iv) This follows since the map @ = (—) : A — A is a right adjoint and thus preserves all existing meets in
A.

(v) We have

a<biffanl<bAl
iffl=a= (bA1)

iffl=(@=>b)A(a=1)
—_———
=1

iffl=a=b>.

1.2 Adjoint functors

Intuitively, adjunction is a special ‘tight’ relationship that may be exhibited between two functors (in opposing
directions). Adjunctions pervade mathematics, and adjoint functors play a central role in category theory. The
initial definition for adjunction between functors is rather intuitive: it specifies a ‘natural’ bijection between
particular hom-sets. The naturality axioms in this definition imply the existence of two particular natural
transformations (the unit and counit), and these satisfy the so-called ‘triangular identities’. Conversely, for
a given pair of functors in opposing directions, if there exist natural transformations satisfying the triangular
identities, then the functors are adjoint. Furthermore, adjoint functors can be characterised in terms of universal
properties determined by the unit and counit. Every adjunction restricts to an equivalence between full
subcategories in a canonical way, these subcategories are called the centre of the adjunction and the objects in
the centre are called the fixed points. If the adjunction is idempotent, then there is an elegant characterisation
for the fixed points. We will go over the basic theory of adjoint functors, since these play a prominent rdle
in locale theory; we will later come across a fundamental adjunction between spaces and locales, as well as
free-forgetful adjunctions for frames (and also when working with frames we use Galois connections to define
localic maps from frame homomorphisms). We will provide three equivalent ways of defining adjunctions. Our

central reference for this section is [21, ch. 2].

1.2.1 Adjunctions in terms of natural bijections

Let C and D be categories, and consider a pair of functors in opposing directions:

Take objects C € C and D € D. Suppose that there is a bijection between morphisms of the form FC — D

in © and morphisms of the form C — GD in C, i.e. that there is a bijection between the following hom-sets:
D(FC,D) =C(C,GD). 1.4)

We can display this bijection, an isomorphism of sets, (1.4) as

FC — D

= 1.5
C —GD (1.5

12



Let us denote the invertible correspondence (1.4) and (1.5) by a horizontal bar, in both directions, for example;

(FC % D) —— (¢ 5 GD),

(FC 5 Dy —— (¢ L 6.

We call f the transpose of f, and g the transpose of g. We impose that f = fand ? = g (which is possible
since the correspondence (1.5) is a bijection), i.e. that the process of transposition is self-inverse. We say that

this bijection (1.4) is natural in C and D iff the following naturality axioms hold:

g G
i) (FcS DL py=3 6D 256D, ie. (gg:C— GD')=(Gg-g:C —> GD’), for all
such D-morphisms g, g, and

iy (B cLepy= ke I e L p),ie. (Fp: FC' — D) = (F- Fp : FC' —> D), for all

such C-morphisms f, p.

Notice that naturality axiom (ii) is the dual of (i), thus, in what follows, we will be able to deploy the principle

of duality in our arguments.

Definition 1.2.1. Take categories and functors

We say that F is left adjoint to G (and G is right adjoint to F, and write F 4 G) iff for all C € C and all
D € D there is a bijection between hom-sets as in (1.4) which is natural in C and D. We say that there

is an adjunction between F and G to mean that there is a natural bijection as in (1.4) for each C and D.

F
We will often write C S P to mean that there is an adjunction between functors F and G, with F left

G
adjoint to G. In this case we will also say that there is an adjunction between the categories C and D. The role

of naturality in Definition 1.2.1 may seem obscure, however, we shall see that it simply implies the existence
of two particular (and important) natural transformations for any given adjunction, furthermore, it allows us to

infer that the notions of left and right adjoint are dual to one another.

Example 1.2.2. Let X and Y be posets. Viewing X and Y as categories, a pair of monotone maps (functors)
f
X 7 Y constitutes an adjunction f 4 g iff
~—

(Vx e X)(Vy €Y) Y(f(x),y) = X(x,8(y)) (1.6)

naturally in x and y. Now, the hom-sets on either side of (1.6) have at most one element, and every diagram in

a poset commutes (so the naturality requirements hold trivially), we therefore have
fH4g iff (MxeX)(VyeY) f(x) <y & x<g().

Therefore, a Galois connection between posets is precisely the same thing as an adjunction between them

(viewing the posets as categories).

13



Important properties of adjoint functors

If a given functor G : D — C admits a left adjoint F, then F' is unique up to natural isomorphism: we may
speak of the left adjoint of G. Dually, if a functor F : C — D has a right adjoint G, then G is unique up to

natural isomorphism.
A useful result about adjoints is that left adjoints preserve colimits, and right adjoints preserve limits. A very
particular case of this occurs with Galois connections between posets: recall that left Galois adjoints preserve

joins, and right Galois adjoints preserve meets.

Adjunctions can be composed. Suppose we have adjunctions

F F
Py —
C_ 1 D 1+ &
~_ — S~ _—
G G
F'F
. F) . ’ ,
We can compose functors to give C __ &. Weobtain F'F 4 GG’ as follows.
GG’

e Forall C e Cand all E € & we have D(FC,G’E) = C(C,GG'E).

e Forall C € Cand all E € & we have E(F'FC,E) = D(FC,G’E).
Therefore, E(F'FC,E) = C(C,GG’E) naturallyinC e Cand E € &.

1.2.2 Adjunctions in terms of units and counits

F

Suppose we have an adjunction C S P. For each C € C consider the identity morphism on FC,
G

idpc : FC — FC. Now, idg¢ has a unique transpose nj¢ = idpc : C — GFC —thus ¢ = idpc. We then

obtain a family of C-morphisms 7 := (C 2, GFC )cec-
Proposition 1.2.3. 1 is a natural transformation idc = GF.
Proor. Let C’ 25 Cbea C-morphism. We need to verify that the square

c —L2 ¢

77c’l lnc (1.7)
GFC' 7> GFC

commutes. Notice that

idpc

'L Ggre) = (Fo' 25 Fe XS, Fo)
- (Fc’' 12 o).
That is to say, 7c - p = Fp, and hence 5j¢ - p = Fp. On the other hand,
(Fc' 2 rey = (e 25 per B2, Foy
GFp

’ ﬁ , Nc’ ,
— (¢’ 22 GFC) = (¢’ 2% 6Fe 2225 GFO).

So we have Fp = GFp - ¢, and we can conclude that the square (1.7) commutes. [

14



Notice that the commutativity of the naturality square (1.7) follows from the naturality axioms in the definition

of adjunction. The natural transformation

ide C
C @ C with components lnc
GF
GFC
/F_N
(as defined above) is called the unit of the adjunction C =~ +  D.
&G/

Dually, for each D € D we can consider the identity morphism on GD, idgp : GD — GD. Taking the
transpose of idgp, we define ep = idgp : FGD — D, i.e. €p = idgp. This defines a family of D-
morphisms ¢ = (FGD 2, D)pep. Using the result of Proposition 1.2.3 and the principle of duality, we

obtain the following result.
Fact 1.2.4. ¢ is a natural transformation FG = idgp.

This result (Fact 1.2.4) could have been proved directly in a similar fashion to that of Proposition 1.2.3, however
we now emphasise the power of the duality principle, and in future we will always deploy duality whenever

possible. The natural transformation

FG FGD
D E DO with components J«SD
idp
D
/F_N
(as defined above) is called the counit of the adjunction C o D. It should be noted that the unit
G

n :idg = GF and counit € : FG = idgp are dual to each other.

F
Proposition 1.2.5. Given an adjunction C S D with unit n and counit g, the triangle (in D)
G

Fc 21, pGFC

im lch (1.8)

FC
commutes for all C € C.

Proor. Take an object C € C. We have
id
(C LS GFC) = (€ 2SS GFC 22555 GFo),
and taking the transpose of both sides, we obtain
idpc Fnc EFC
(FC —> FC)=(FC —> FGFC — FQ).

That is to say, idpc = €pc - F1ic. [ |

Dualising Proposition 1.2.5, we obtain

15



F
Fact 1.2.6. Given an adjunction C S D  with unit n and counit g, the triangle (in C)
G

Gep

GD «—— GFGD

idk [nan (1.9)

GD

commutes for all D € D.

The commutative triangles (1.8) and (1.9) are known as the triangular identities.

F
Proposition 1.2.7. Let C S D be an adjunction, with unit n and counit . For any D-morphism of the
G

form FC 2, D we have g = Gg - nc, and for any C-morphism of the form C i) GD we have f =€p - Ff.

Proor. Consider a D-morphism FC LN D, then

g id G
(¢ 6D)=(FCc =S Fe S D)= (¢ 25 6Fc =25 GD).
By duality, given a C-morphism C i> GD, we have

f F
(Fc L py= (Fc L5 FGD 22 D).

Proposition 1.2.7 tells us the following. Consider an adjunction

F
C 17D with unit 7 : idec = GF and counit ¢ : FG = idyp.
&G/

* Given any D-morphism of the form F'C 5, D, the triangle

c <, GFC

R o

GD

commutes. We can state this result slightly differently, in terms of a universal property. For any

C-morphism of the form C L G D there exists a unique D-morphism FC L D such that the triangle

c <, GFC

N

GD

commutes. That is to say, in diagrammatic form,

c 1<, GFC FC
GD D.

The components of the adjunction unit 7 satisfy the universal property (1.10).
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* Dually, for any C-morphism of the form C i> GD, the triangle

D <2 FGD

N T

FC

commutes. This can be restated in terms of a universal property, satisfied by the components of the

adjunction counit €. Stated in diagrammatic form:

D <2 FGD GD
- - 1.11
k TFg H'g: (L1
FC C.

(1.11) is a universal property of the adjunction F 4 G that is satisfied by the components of the counit €.

F
Theorem 1.2.8. Take categories and functors C « D. There is a bijective correspondence between:
G

(i) adjunctions of the form F 4 G, and
(i) pairs (n:idec = GF, € : FG = idyp) of natural transformations satisfying the triangular identities.

Proor. We have already shown that an adjunction of the form F 4 G gives rise to a pair (1, &) of natural

transformations satisfying the triangular identities. We now have to show that this process is bijective.

Take a pair of natural transformations (7 : id¢ = GF, ¢ : FG = idp) satisfying the triangular identities.
We must show that there exists a unique adjunction F' 4 G with unit 7 and counit £. Uniqueness follows from
Proposition 1.2.7: for if there is any adjunction ' 4+ G with unit 57 and counit &, then, for C € C and D € D, the
natural bijection D(FC, D) = C(C, GD) is uniquely determined by the formulae

D(FC,D)> g+ g=Gg nc,

C(C,GD)> f+— f=¢p-Ff.

We must thus show the existence of an adjunction F 4 G with unit 17 and counit &. Foreach C € Cand D € D,

define functions
D(FC,D) — C(C,GD) (1.12)

both denoted by a horizontal bar, as follows.
z G
« Given FC % D, put (C S G6D) = (¢ 25 GFe =5 GD).

* Dually, given C ERN GD, put (FC ERN D) = (FC I, FGD 22 D).

We claim that the thus defined functions g —> g and f +— f are mutually inverse. Consider the triangular
identity (which commutes)

Fc 21 pGFC

ik lsFC (1.13)

FC

17



and, for a O-morphism FC 5 D, the (commutative) naturality square

FGFC L8, FGD

ml lau (1.14)

Combining the commutative diagrams (1.13) and (1.14) into one commutative diagram, we obtain

Fc 2, rorc £95 FGD

im lch lgD (1.15)

From the commutativity of (1.15) we have

g =g 1dpc
=ep - -FGg- Fnc

ep - F(Gg-nc)

p-Fg
3.

Dually, for a C-morphism C L GD, we obtain f = f. We thus have the required bijection (1.12). To observe
the naturality of the bijection (1.12), consider a composition of 9D-morphisms of the form FC 5 b4 p
Wehave g-g=G(q-g) -nc =Gq-(Gg-nc) = Ggq - g, giving the first naturality requirement. The second

naturality requirement follows dually. We therefore have an adjunction F' 4 G. The components of the unit are

given by idpc = G(idpc) - n¢ = idgFrc - nc = ¢, i.e. the unit is 7. Dually the counit is &. [
/FN
Corollary 1.2.9. Take categories and functors C __ D. Ifthere are natural transformations n : idg =
G

GF and € : FG = idp which satisfy the triangular identities, then F 4 G. In this case, 1 is the unit and & the
counit of the adjunction F 4 G.

Theorem 1.2.8 allows us to conclude that an adjunction may be regarded as a quadruple (F, G, n, €) of functors

and natural transformations satisfying the triangular identities.

Example 1.2.10. Let X and Y be posets, and consider monotone maps X C Y. Since every diagram in a

g
poset commutes, Theorem 1.2.8 and Corollary 1.2.9 tell us that f 4 g iffidx < gf and fg < idy (the triangular

identities are automatically satisfied). Of course, this we already directly proved previously, but it is nonetheless
illuminating to see how this result arises from the general theory of adjoint functors.

We now introduce the notion of idempotent adjunction (see [25] for details), which is of use in the interaction

between spaces and locales.

F
Definition 1.2.11. Let C 3 P be an adjunction with unit : idc = GF and counite : FG =
G

18



idgp. The adjunction F' 4 G is said to be idempotent iff either of the following equivalent conditions hold:
(i) nep : GD — GFGD is an isomorphism for all D € D.

(i) epc : FGFC — FC is an isomorphism for all C € C.

Every adjunction restricts to an equivalence

An equivalence of categories may be regarded as an adjunction for which the unit and counit are natural iso-
morphisms. In the opposite direction, every adjunction restricts to an equivalence between full subcategories

in a canonical way — we will now spell this out.

Suppose we have an adjunction
cC_ + D with unitn : id¢ = GF and counite : FG = idp. (1.16)
» Write Fix(GF) for the full subcategory of C whose objects are those C € C for whichn¢c : C — GFC

is an isomorphism.

* Dually, write Fix(FG) for the full subcategory of ) whose objects are those D € D for which &p
FGD — D is an isomorphism.

Fix(GF) and Fix(FG) are called the fixed subcategories (or the centre) of the adjunction (1.16). The objects
in the centre are known as the fixed points (or fixed objects) of the adjunction (1.16). We will show that there is

an equivalence between the fixed subcategories on either side of the adjunction (1.16).

Proposition 1.2.12. Consider the adjunction (1.16). Given C € C, ifnc : C — GFC is an isomorphism,
then epc : FGFC — FC is an isomorphism.

Proor. Let n¢ : C — GFC be an isomorphism. Then Fnc : FC — FGFC is an isomorphism, since

functors preserve isomorphism. Now consider the commutative triangular identity

FCc 2, FGEC

. lch

FC.
We have
erc - Fnc =idgc
& epc = idpc - (Fnc)™
— EFC = F(?]E])
Thus €p¢ is an isomorphism. u

By duality, we have

Fact 1.2.13. Consider the adjunction (1.16). Given D € D, ifep : FGD — D is an isomorphism, then
ngp : GD — GFGD is an isomorphism.
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We now obtain an important corollary.

Corollary 1.2.14. Consider the adjunction (1.16). For any C € Fix(GF), we have FC € Fix(FG). Dually,
for any D € Fix(FG), we have GD € Fix(GF).

Theorem 1.2.15. Consider the adjunction (1.16). The category Fix(GF) is equivalent to the category Fix(FG).

F/
Proor. Define functors Fix(GF) —— Fix(FG) by:
G/

VC € Fix(GF) F'C = FC,
VCi,Cy € Fix(GF),Vf € Fix(GF)(C(,Cy) F'f =Ff.

VD € Fix(FG) G'D = GD,
VD1, D, € Fix(FG),Vg € Fix(FG)(D1,D,) G'g = Gg.

Next, consider the natural transformations

id F'G’
Fix(GF) E Fix(GF) and  Fix(FG) _ [’ Fix(FG),
G'F’ id

for which their respective components are defined by

VC € Fix(GF) (C 25 G'F'C) = (C S GFC), and
. ’ o~ £p ED
VD € Fix(FG) (F'G'D — D) := (FGD — D).

n’ and &’ satisfy the triangular identities (because n and € do), hence n’ is the unit and &’ the counit of the
adjunction F’ 4 G’. Since, for all C € Fix(GF) and all D € Fix(FG), n¢ and &p are isomorphisms, it follows

that . and &}, are isomorphisms, i.e. that " and &’ are natural isomorphisms. Thus Fix(GF) =~ Fix(FG). =

Proposition 1.2.16. If the adjunction (1.16) is idempotent, then, for each C € C, C € Fix(GF) iff C = GD for
some D € D.

Proor. Let the adjunction (1.16) be idempotent, and take C € C.
(=) Suppose C € Fix(GF). Then ¢ : C — GFC is an isomorphism. That is to say, C = GFC.

(<) Suppose there is an isomorphism ¢ : C — G D for some D € . We obtain a commutative diagram in

C:

c —% GD

Ucl lnGD

i.e.ngp - ¢ = GFy - nc. The adjunction (1.16) is idempotent, so ngp is an isomorphism, hence we obtain an
isomorphism ¢ = (GF¢)™' - 5gp - ¢. Thus C € Fix(GF). [

Dualising Proposition 1.2.16 we obtain

Fact 1.2.17. If the adjunction (1.16) is idempotent, then, for each D € D, D € Fix(FG) iff D = FC for some
CecC.
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1.2.3 Adjunctions in terms of universal properties

Recall that every adjunction F' 4 G has the universal properties (1.10) and (1.11) which are satisfied by the unit
n and counit & respectively. We will now show that, in the opposite direction, if there are natural transformations
n and € which satisfy the universal properties (1.10) and (1.11) respectively, then there is an adjunction F 4 G
having unit 7 and counit £. In fact it will turn out that it is enough to know either the unit or the counit satisfying

the respective universal property — the entire adjunction follows from there.

Let G : D —> C be a functor. Let there be an assignment ob(C) — ob(D) where, for C € ob(C), we write
C +— FC € ob(D). Let (C 2, GFC )cec be a family of C-morphisms satisfying the following universal

property:

Property 1.2.18. For any C-morphism of the form C L GD (where D € D) there exists a unique HD-morphism
FC L D such that £ = GT - e ive.

c <, GFC FC
_ |

k le 3y
GD D.

By Property 1.2.18, for a given C-morphism C LYo ’, there exists a unique D-morphism FC e, FC’ such
that the square
c < GFcC
r| |G (1.17)

C' —— GFC’

nc’
commutes. We thus obtain a function C(C,C’) — D(FC, FC’), where p — Fp such that Fp is the unique
PD-morphism associated with p making (1.17) commute.

Proposition 1.2.19. The assignments C — FC and (C LN C’) —> Fp define a functor F : C — D,
moreover, by setting n :== (C ae, GFC)cec we obtain a natural transformation n : id¢ = GF.

F
Proor. Let C 5 'L ¢ be C-morphisms. By Property 1.2.18 there exist unique 9D-morphisms (FC SiLN

FC'), (FC’ 24, FC”) and (FC M FC”") making the diagrams

c <, GFC

pl lGFp c <, GFC
¢’ — GFC’ an| ler@n
ql lGFq c” e GFC”

c” T> GFC”
C ’

commute. Now, F(q - p) is the unique D-morphism satisfying GF(q - p) - nc = nc» - (q - p). But we also
have (GFq - GFp) -nc = G(Fq - Fp) -nc =nc» - (g - p). Hence F(q - p) = Fq - Fp. Lastly, consider
the identity morphism on an object C € C, id¢ : C — C. F(id¢) is the unique D-morphism satisfying
GF(id¢) -nc = nc. Butwe also have ne = G(idpc) - ¢, hence F(id¢) = idpe. We can conclude that we have
afunctor F : C — D. Moreover, by the commutativity of (1.17), we can conclude that 7 := (C 2, GFC )cec

is a natural transformation ido = GF. [ |
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F
The data thus obtained consists of functors C 2 9 and anatural transformation7 : id¢ = GF satisfying
G

Property 1.2.18. By Property 1.2.18, for all D € D, there exists a unique D-morphism €p : FGD — D for
which the triangle
GD %2 GFGD

id(}k lGSD (1.18)

GD

commutes — compare this to the triangular identity (1.9). This yields a family & := (FGD 2, D)pep of

D-morphisms. Note that we will need to use the identity
idgp = Gep “nGp
in our arguments that follow.

Proposition 1.2.20. ¢ is a natural transformation FG = idyp.

h
Proor. Let D — D’ be a D-morphism. We need to verify that the square

FGD -£S" rGD’
ng lg,), (1.19)

D—— D

commutes. Consider the C-morphism GD <k, GD’. By Property 1.2.18 there exists a unique 9-morphism
Gh: FGD — D’ for which Gh = G(Gh) - ngp. We have

Gh=Gh-idgp
=Gh-(Gep *nGp)
=G(h-&p) 1o,

that is to say, Gh="h-¢gp. Setting u := G(ep' - FGh) -ngp = Gep' - GFGh - ngp, we would like to show

that u = G h. Consider the (commutative) diagram

6D —S" _, 6D’

idgpr
nGpD nGp’

GFGD PeTTeTA GFGD o GD'.

‘We see that

u= G8Df -GFGh - nGo
=idgp’ - Gh
=Gh.

Thus &p - FGh = Gh, and we can conclude that the square (1.19) commutes. Therefore £ is a natural
transformation FG = idgp. u
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Lemma 1.2.21. For all C € C, the diagram

FC &EC FGFC

ik TF”C (1.20)

FC

commutes.

Proor. Consider the commutative naturality square

c —1< _, GFC

UCJ, lUGFC

We have
Gerc - GFnc -nc = Gepc *NGrc Nc (recall thatidgp = Gep - nGp)
| —
idgrc
=7nc-
Thus G(epc - Fric) = Gepe - GFne =idgrc = G(idpc), which implies that epc - Fre = idpce [

Compare the result of Lemma 1.2.21 to the triangular identity (1.8).

Proposition 1.2.22. For any D-morphism of the form FC 5D (where C € C), there exists a unique
C-morphism C 2, GD such that g=¢p-Fg, ie.

D <2 FGD GD
_ 1

k TFg FE!
FC C.

Proor. Given FC 5 D define g:=(Gg-nc): C — GD, and consider the commutative naturality square

FGFC 2% FGD

erc| lw

Then

ep-Fg=¢ep-F(Gg-nc)

=¢ep - FGg -Fnc
N———
8 €FC

=g-erc - Fnc
—_———
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h . . . .
Now let C — GD be a C-morphism such that g = €p - Fh, and consider the commutative naturality square

We have
g§=Gg nc

= GSD -GFh - nc

=Gep -nGp - h

=idgp - h

= h.
Therefore, g = Gg - 1j¢ is the unique C-morphism for which g = ep - Fg. [
What we have shown is that we have two natural transformations 7 : idc = GF and ¢ : FG = idgp which

satisfy the commutative triangles (1.18) and (1.20) (i.e. the triangular identities for an adjunction). We can
therefore conclude that F 4 G.

1.2.4 A summary of the characterisations of adjoint functors

The previous argument in Subsection 1.2.3 can be summarised in the following theorem:

Theorem 1.2.23. A functor G : D — C is a right adjoint iff for each C € C there exists an object FC € D
and a C-morphism C 2, GFC with the property that for any C-morphism of the form C i) GD (where
D € D) there exists a unique D-morphism FC L D such that f =G f - nc.

When the requirements of Theorem 1.2.23 are satisfied, the F can be modified into a functor F' : C — D as
described in Proposition 1.2.19, we then have F' 4 G. Dualising Theorem 1.2.23 we obtain

Theorem 1.2.24. A functor F : C — D is a left adjoint iff for each D € D there exists an object GD € C and
a D-morphism FGD Ly D with the property that for any D-morphism of the form FC 5D (where C € C)

. . . g _
there exists a unique C-morphism C — GD such that g = ep - Fg.
Collectively, we can summarise our characterisations for adjoint functors as follows.

F
Theorem 1.2.25. Consider a pair of functors in opposing directions C <> D. The following statements
G

are equivalent:
(i) FA4G.

(ii) There exist natural transformations n : idc = GF and € : FG = idyp satisfying the triangular

identities.

(itt) There exists a natural transformation n : id¢ = G F with the property that for any C-morphism of the

form C L GD (where D € D) there exists a unique D-morphism FC L D such that f =G f - nc.

(iv) There exists a natural transformation € : FG = idgp with the property that for any D-morphism of the

form FC 5D (where C € C) there exists a unique C-morphism C 2, GD such that g=¢p-Fg.
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Chapter 2

From spaces to locales: locale theory as an
extension of sober space topology

Every topological space possesses a well-behaved lattice of open sets: a so-called open-set lattice. Certain
morphisms of open-set lattices are induced by continuous maps f by taking preimage along f. It turns out
that for most everyday topological spaces (the sober ones) all possible topological information is carried by the
open-set lattice, hence we do not lose anything by studying these open-set lattices directly. Open-set lattices
may be abstracted to objects called frames which are complete lattices satisfying an infinite distributive law.
Similarly, morphisms of open-set lattices are abstracted to frame homomorphisms. The passage from the cate-
gory of topological spaces to the category of frames is contravariant [14], therefore the category of locales is
formally introduced as the opposite of the category of frames. The category of locales is a covariant ‘extension’
of the category of sober spaces: the category of sober spaces is embedded in the category of locales as a full
subcategory. In passing from spaces to locales, we forget about the points (a point of a locale is a secondary
notion, and indeed many locales have no points at all [32]), it is rather the frame of opens that becomes the

primary notion. We bear in mind the following sentiment by P. T. Johnstone (see [15]):

“the topological structure of a locale cannot “live on its points”; from here, it is a small step to make the
topological structure (i.e. the frame of open subsets) into the extensional essence of the locale (so that the

points, if any, live on the open sets rather than the other way about).”

A good example which nicely displays the theory of adjunctions is provided through the interplay between spaces
and locales. It is well-known that every space yields a locale via its open-set lattice. In the opposite direction,
every locale gives rise to a space through the locale’s set of points equipped with a natural topology. Both of
these processes can be made functorial; these functors are adjoint, moreover, the adjunction is idempotent —
meaning that the fixed points on either side are the sober spaces and spatial locales, which together form the
centre of the adjunction (i.e. that the category of sober spaces is equivalent to the category of spatial locales).

The main references used in this chapter are [13, 17, 32].
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2.1 Introducing frames and locales

Let X be a topological space, and write OX for its poset of open subsets ordered by inclusion. Since OX is

closed under arbitrary unions, it follows that OX is a complete lattice: for (U;);e; € OX we have

\/Ui:UUi and /\Ul-zint mUi

iel iel iel iel

b

where int is the interior operator on X. We call OX the open-set lattice of X. Furthermore, we have the

following distributive law in O X:

VAN Ui=\/(VAU) forallV e OX andall (Up)ics € OX. @.1)
i€l i€l
That Eq. (2.1) holds is because finite meet in OX coincides with finite set-theoretic intersection, which is
well-known to distribute over arbitrary union. The order-dual of Eq. (2.1) will in general not hold in OX since
arbitrary meet in OX coincides with the interior of the intersection, thus we cannot expect finite join (finite
union) to distribute over arbitrary meet. For an example to see how the order-dual of Eq. (2.1) can fail in an
open-set lattice, see [30].

s

For a continuous map X L Y of spaces, we obtain a map OY f—> OX between open-set lattices, where
£y = ful.

Such a map f* of open-set lattices always preserves arbitrary joins and finite meets (since the preimage function
preserves all unions and intersections). We cannot expect f* to preserve arbitrary meets because of the difficulty
which arises with the interior operator. Abstracting the essential properties of such open-set lattices OX and

maps f*, we have

Definition 2.1.1. A frame is a complete lattice A which satisfies the following infinite distributive law:

an \/xl- = \/(a A X;i) 2.2)

iel i€l
for all a € A and all (x;);e; € A. A frame homomorphism h : A — B is a function between frames
which preserves arbitrary joins (including the bottom 0) and finite meets (including the top 1). We refer
to Eq. (2.2) as the frame distributivity property. A frame homomorphism is often referred to as a frame

map.

Originally, before the term frame was introduced by Hugh Dowker and Dona Papert-Strauss in September 1964
(see [7]), such lattices were referred to as local lattices as was coined by Charles Ehresmann and his student
Jean Bénabou around the year 1957 (see [14, 16]). Generally, the accepted terminology for such lattices is to
call them frames. A coframe is a complete lattice which satisfies the order-dual of Eq. (2.2); as we alluded to

earlier, a frame is not necessarily a coframe (dually, a coframe is not necessarily a frame).
We note that topological properties (invariants) intuitively only involve statements about open sets: topological

properties ‘live’ on the open-set lattices. Thus it would seem natural to study the open-set lattices (or abstractions

thereof, i.e. frames) directly.
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Since every topological space X yields a frame OX, and every continuous map f : X — Y yields a frame
homomorphism f* : OY — OX, we would like to view frames as a lattice-theoretic generalisation of
topological spaces. Our goal is therefore to construct a theory where we can ‘do’ topology on a lattice-theoretic
foundation. We will write Frm for the category of frames and frame homomorphisms. Writing Top for the
category of topological spaces and contlnuous  maps, we see that there is an obvious functor O : Top®® — Frm,
where X — OX and (X ERN Y) — (OY EAN 0X). We will later see that not all frames are of the form OX
for a topological space X. We choose to view O as a functor Top — Frm®P, since we already know how to
‘do’ topology in Top, and we want to somehow extend the theory of topological spaces to a theory of frames.
It should be noted that in any complete lattice A we always have \/;c;(a Ax;) < a AV, x;foralla € A and
all (x;);c; € A. We thus have

Fact 2.1.2. A complete lattice A is a frame iff

a/\\/x,- < \/(a A X;)

iel i€l
foralla € A and all (x;);e; C A.

Observation 2.1.3. By recalling Proposition 1.1.20, we see that a lattice is a frame iff it is a complete Heyting
algebra.

We may thus use the terms frame and complete Heyting algebra interchangeably (frames and complete Heyting
algebras are extensionally the same thing) — as long as no reference is made to morphisms: in general frame
homomorphisms do not preserve the Heyting implication (see [17]). For a frame A, the Heyting implication is

given by the following useful formula:

(a:y)z\/{xeA|a/\x<y}.

We remark that cHey is a non-full subcategory of Frm. Since every Boolean algebra is Heyting, it follows that
every complete Boolean algebra is a frame. In the context of frames, we will refer to complete Boolean algebras

as Boolean frames. We thus have some concrete examples of frames:
* complete Boolean algebras,
* any topology on a set,
* finite distributive lattices (since all joins are finite), and
* complete chains (since any chain is a Heyting algebra).

We should point out that since frame homomorphisms preserve arbitrary joins, they have uniquely defined right

adjoints. Such right adjoints will be referred to as localic maps.

Definition 2.1.4. A function f : A — B between frames is said to be a localic map iff f preserves

arbitrary meets and its left adjoint f* preserves finite meets.

Notationally, we will generally denote frame homomorphisms by the letter A (so that /4’s right adjoint A, is a
localic map) and localic maps by the letter f (so that f’s left adjoint f* is a frame homomorphism).
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Observation 2.1.5. Every continuous map X i) Y of spaces gives rise to a localic map OX L OY, where
A fi
Proposition 2.1.6. Let X i) Y be a continuous map of spaces. Then, for all U € OX,
f(U) =Y N\ FIX\UI.
Proor. Take U € OX. We have
ry={Jweorirw cuy
= U{v €Oy | f'[V] c U}

Now,
FUVICU & X\UcCX~ f V]
= X\Ucflr\v]
— f[X\U]CY\V.
Therefore,

)= Jiveor|fix~ulcy vy
:Y\ﬁ{y\vweoYandf[x\U]gY\V}
:Y\ﬂ{AgY|Aclosedandf[X\U] C A}
=Y\ f[X\UJ.

We have the following characterisation for localic maps, but first we need a proposition.

f

Proposition 2.1.7. Let A 3 B be an adjoint pair of monotone maps between Heyting algebras. Then f
g

preserves finite meets iff, for each a € A and b € B,

g(f(a) = b) =a = g(b). (2.3)
Proor. (=) Let f preserve finite meets. Take a,a’ € A and b € B. Then
a' <g(f(a)=0b)iff f(a') < f(a) = b
iff f(a) A f(a') <D
iff flana’)<b
iffana <g(b)
iffa’ <a= g(b).
(<) Suppose that, foralla € Aand b € B, g(f(a) = b) =a = g(b). Take a,a’ € A and b € B. Then
fl@) A fa') <biff f(a') < f(a) = b
iffa’ < g(f(a) = b)
iffa’ <a= g(b)
iffana <g(b)
iff f(ana’) <b.

28



Eq. (2.3) is known as the Frobenius identity. We thus obtain the Frobenius characterisation for localic maps:

Corollary 2.1.8. A function f : A — B between frames which preserves all meets is a localic map iff, for each
a€Aandb € B,

f(f7(b)=a)=b= f(a).

Recall that we have a functor O : Top — Frm°P. Thus, the passage from the category of topological spaces
to the category of frames is contravariant [14]. One of the goals of point-free topology is to build a theory
where we can perform topological methods on a lattice-theoretic foundation. Therefore, if we wish to somehow
extend the theory of topological spaces into a theory of frames, we have to take seriously this contravariance:
it is not the category Frm in which we would like to ‘do’ topology, but rather in its opposite Frm°?. We note
that Frm°®P is an abstract category: the morphisms in Frm®P are not ‘structure-preserving’ functions between

frames. We therefore introduce new terminology:

Definition 2.1.9. A locale is extensionally the same object as a frame, except a locale morphism
f : A — B is defined by a frame homomorphism f* : B — A. We write Loc for the category of

locales and locale morphisms, that is, Loc := Frm®®.

The functor O : Top — Frm®P is now regarded as a functor O : Top — Loc; a space X is mapped to its
open-set locale OX, and a continuous map f : X — Y is mapped to the locale morphism ]7: oX — OY
defined by the frame homomorphism f~! = f*: OY — OX. We call O the open-set functor. As for notation,
given a morphism of locales f : A — B, we will write f* : B — A for the frame homomorphism that defines
f,and f. : A — B for the right adjoint of f* (f. is of course a localic map).

Remark 2.1.10. We now have three names for describing the same type of object (extensionally): A is a frame
iff A is alocale iff A is a complete Heyting algebra. The difference is in the morphisms! The categories Frm,

Loc, and cHey are all distinct from each other.

2.2 Points

All nonempty topological spaces contain points, and the open sets are defined by the points (the open sets ‘live’
on the points). The elements of a locale A can be thought of as ‘open sets’ — these are the primary notion of the
locale. However, if we wish to view locales as a type of space, we should also have the notion of point. The
problem is that we do not foundationally have available the notion of point of the locale A. This calls for the

categorification of the set-theoretic notion of point.

Let 1 denote the terminal object in Top. That is, 1 = {*} with opens O1 = {@, 1}. As frames, O1 = 2 = {0, 1}
(2 is the two-element Boolean algebra). It is easily seen that 2 is the initial frame: for any frame A there is
precisely one frame homomorphism !4 : 2 — A defined by O — 04 and 1 —— 14. Thus, 2 is the terminal

object in Loc. Frm also has a terminal object 1 = {+} which corresponds to the empty topological space.

Let X be a topological space. A point p € X is precisely identified with a continuous map p : 1 — X where

p(x) = p. The assignment p — p defines a bijection. This observation leads to the following definition:
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Definition 2.2.1. A point of a locale (frame) A is a locale morphism f : 2 — A. Equivalently, it is a
frame homomorphism p : A — 2. We write pt(A) for the set of all points of the locale (frame) A, that
is, pt(A) = {p | p is a frame map A — 2} = Frm(A, 2).

2.3 An excursion: the alternative descriptions of points

We will need some results regarding ideals and filters in lattices (for this section the main reference used is
[13]). Recall that a meet-semilattice is a poset A with all finite meets (in particular, A has a top element 1).

Dually, a join-semilattice is a poset A with all finite joins (in particular, A has a bottom element 0).

Definition 2.3.1. A subset J of a join-semilattice A is said to be an ideal ift:
(i) J is a sub-join-semilattice of A;i.e.0 € J,and [a,a’ € /] = a V a’ € J], and

(i) Jis adown-set;i.e. (¢ € Janda’ < a) = a’ € J.
Dualising Definition 2.3.1, we have

Definition 2.3.2. A subset F' of a meet-semilattice A is said to be a filter iff:
(i) F is a sub-meet-semilattice of A;i.e. 1 € F,and [a,a’ € F = a A a’ € F], and

(i) Fisanup-set;ie. (a € Fanda <a’) = a’ € F.

Examples 2.3.3. Here are some examples of ideals and filters:

e If A is a join-semilattice, and a € A, then |a = {x € A | x < a} is an ideal — it is the principal ideal

generated by a. When A is finite, all ideals are principal.

e IfXisaset,andx € X,thenE; ={A C X | x ¢ A}isanidealin P(X). Theset¥ = {A C X | A is finite}
is also an ideal in P (X). If X is infinite, then the ideal ¥ is non-principal.

« If f: A — B is a homomorphism of join-semilattices, then ker(f) := f~1(0) = {a € A | f(a) = 0} is
an ideal in A. ker( f) is called the kernel of f.

e If A is a meet-semilattice, and a € A, then Ta = {x € A | a < x} is a filter — it is the principal filter
generated by a. When A is finite, all filters are principal.

» If X is a topological space, and x € X, then Ny := {N C X | N is a neighbourhood of x} is a filter in
P(X). Ny is called the neighbourhood filter of x.

o If X is a set, then the set {A C X | X \ A is finite} is a filter in P(X).

 If f: A — B is a homomorphism of meet-semilattices, then coker(f) := f~'(1)={a € A | f(a) =1}
is a filter in A. coker( f) is called the cokernel of f.
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Definition 2.3.4. Let A be a meet-semilattice. An element p € A is said to be prime ift:
(i) p#1,and

(i) aha’=p = a=pora’ =p.

In a finite meet-semilattice it is easy to identify prime elements:
Remark 2.3.5. An element in a finite meet-semilattice is prime iff it has exactly one cover.

For example, consider the Hasse diagram of the 8-element Boolean algebra below; the three shaded vertices are
the prime elements — notice that their complements are the atoms of the Boolean algebra.

Figure 2.1: A Hasse diagram of the 8-element Boolean algebra (equivalently, the powerset algebra of a 3-element
set) in which the prime elements are shaded. The complements of the prime elements are precisely the atoms
of the algebra.

Proposition 2.3.6. For a distributive lattice A, an element p € A with p # 1 is prime iff

(Va,a" € A) ana’<p = a<p orad <p.

’

Proor. (=) Let p be prime. Suppose a A a .ThenpVv(ana’)=(pVa)AN(pVva')=p,sopVa=p

<SP
or p V a’ = p (since p is prime), and hence a < p ora’ < p.

(<) Assume that (Va,a’ € A)ana’ <p = a<pora’<p. Letara’=p. Thenp <aandp <a’.
Since a A a’ < p, it follows that a < p or a’ < p. Therefore a = p or a’ = p, and hence p is prime. ]

Definition 2.3.7. Let A be a lattice. An ideal J C A is said to be prime iff:
(i) 1¢J,and

(i) ana’eJ = aeJora €J.

Proposition 2.3.8. Let A be a lattice, and let p € A. If the principal ideal | p is prime, then p is prime.

Proor. Let | p be prime. Then p # 1. Leta,a’ € Abe suchthata Aa’ = p. ThenaAa’ €| p,soa €| por
a'elpea<pora <p) SinccaAa =p,wehave p <aandp <a’. Thusa=pora’ =p. [ ]

Proposition 2.3.9. If the lattice A in Proposition 2.3.8 is distributive, then the converse of Proposition 2.3.8
holds.
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Proor. Let A be distributive, and let p € A be prime. Suppose a Aa’ € | p. Thena Aa’ < p. Thusa < p or
a’ <p(eac|pora’ €|p). [ |

Remark 2.3.10. Thus, in a distributive lattice, the prime elements are precisely those elements which generate

the prime principal ideals.

Definition 2.3.11. A filter F in a lattice A is said to be prime ift:
(1) 0¢ F, and

(i) ava’e F = ae€Fora’ €eF.

Theorem 2.3.12. Let J be an ideal of a lattice A. The following conditions are equivalent:
(i) A\ J is a filter.
(it) J is prime.
(iii) There exists a lattice homomorphism [ : A — 2 such that J = ker(f).
Proor.

(i)=> (ii): Let A\ Jbeafilter. Thenl € A\J,sol ¢ J. Leta,a’ € A be such that a A a’ € J. Then
aha" ¢ A\J,soag A\Jora’ ¢ A\ J (because A\ J is afilter). Hence a € J or a’ € J. That is, J is
prime.

(if) = (iii) : Let J be prime. Define a function f : A — 2 by

0 foracel,
f(a) =

1 otherwise.

We claim that f is a lattice homomorphism. Since 0 € J and 1 ¢ J, we have f(0) =0 and f(1) = 1. Let
a,a’ € A.

e Supposea Aa’ € J. Thena € Jora’ € J (since J is prime). Hence f(a Aa’) =0= f(a) A f(a’).

* Suppose a Aa’ ¢ J. Then, for all x € A with a A a’ < x, we have x ¢ J (since J is a down-set). In
particular, a ¢ J and a’ ¢ J. Hence f(a Aa’) =1= f(a) A f(a’).

* SupposeaVa’ € J. Thena € Jand a’ € J (since J is adown-set). Hence f(aVva’) = f(a)V f(a’).

e SupposeaVa’ ¢ J. Thena ¢ Jora’ ¢ J (since J is anideal). Hence f(a)V f(a’) =1 = f(aVa’).
It follows that f is a lattice homomorphism, and J = ker( f).

(iii) = (i) : Let f : A — 2 be a lattice homomorphism such that J = ker(f). Then A \ J = coker(f) which
is a filter in A.

Dualising Theorem 2.3.12, we obtain

Theorem 2.3.13. Let F be a filter in a lattice A. The following conditions are equivalent:
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(i) A\ F is an ideal.
(it) F is prime.
(iii) There exists a lattice homomorphism f : A — 2 such that F = coker(f).
Corollary 2.3.14. Let J be a subset of a lattice A. J is a prime ideal iff A \ J is a prime filter.
Proor. (=) Let J be a prime ideal. Then A \ J is a filter. Since A \ (A \ J) = J — which is an ideal — it must

be that A \ J is a prime filter.

(&) Let A\ J be a prime filter. Then A \ (A \ J) = J is an ideal. Moreover, J is a prime ideal since A \ J is a
filter. [

Definition 2.3.15. Let A be a complete lattice. A prime filter F' C A is said to be completely prime iff

(YMcA) \/MecF = (@meM) meF.

Remark 2.3.16. For brevity’s sake, instead of saying “completely prime filter”, we will say “cp-filter”.
Proposition 2.3.17. Let A be a complete lattice, and let J C A. J is a prime principal ideal iff A\ J is a cp-filter.

Proor. (=) Let J be a prime principal ideal. Then J =| p for some p € A such that | p is a prime
ideal. We must show that A \ (| p) is a cp-filter. By Corollary 2.3.14, A \ (| p) is a prime filter. We have
A\ (lp)={ae A|a<p} Let(x;)ier C A, and suppose that \/;c;x; € A\ (I p) Ge. Vg xi € p). If
(Viel)x; ¢ A\ (|p),then (Vi € I) x; < p, which would imply \/,.; x; < p — a contradiction.

(<) Let A\ J be a cp-filter. By Corollary 2.3.14, J is a prime ideal. We must show that \/ J € J. Suppose that
\/J ¢J. Then\/J € A\ J. Hence there exists a € J for which a € A \ J — which is an obvious contradiction.
Therefore it must be the case that \/ J € J, and hence J is a prime principal ideal. [

Theorem 2.3.18. Let A be a frame. Let J be an ideal of A. The following conditions are equivalent:
(i) A\ Jis a cp-filter.
(it) J is a prime principal ideal.
(iii) There exists a frame homomorphism h : A — 2 such that J = ker(h).
Proor. By Proposition 2.3.17, we already know that (i) < (ii).

(if) = (iii) : Let J be a prime principal ideal. Then there exists a prime element p € A such that J = | p (since

A is a distributive lattice, p being prime makes | p a prime ideal). Define a function 2 : A — 2 by

0 fora < p,
h(a) =
1 otherwise.

By the proof of Theorem 2.3.12, we know that 4(0) = 0, 2(1) = 1, and that & preserves binary meets and
binary joins. We thus need to show that & preserves arbitrary joins. Let (x;);e; C A.
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* Suppose V;crx; < p. Then, foralli € I, x; < p (i.e. h(x;) = 0). Hence 0 = h(V,;crx;) =
Vier h(xi).

* Suppose ey x; £ p. Then h(\;c;x;) = 1, and there exists some j € I for which x; £ p
(i.e. h(x;) =1). Hence 1 = \/;cy h(x;) = h(V ey xi)-

It follows that £ is a frame homomorphism, and J = ker(#).

(iii) = (ii) : Let h : A — 2 be a frame homomorphism such that J = ker(/). Then it is easily verified that J

is a prime ideal; we must show that it is principal. That is, we must show that \/ J € J. We have

h(\/]) = \/h[]]

=\/{h(a) |a €1}

=\/{0}
=0.
So \/ J € J. We can conclude that J is a prime principal ideal.

It is then straightforward to observe that
Corollary 2.3.19. For any frame A, there is a bijection between each of the following:
(i) the frame homomorphisms A — 2,
(it) the prime principal ideals of A,
(iii) the cp-filters of A, and
(iv) the prime elements of A.

Proor. It follows immediately from Theorem 2.3.18, although, for a detailed proof, see my Honours thesis
[30]. [ |

2.4 The adjunction between spaces and locales

Now that we have exhibited a functor O : Top — Laoc, it is natural to ask whether this is an adjoint functor.
We shall show that O is indeed a left adjoint functor. This adjunction between Top and Loc has a number of

pleasant consequences that we shall exhibit in the proceeding section.

Definition 2.4.1. A subframe of a frame A is a subset A” C A which is closed under arbitrary joins and
finite meets in A.

Observation 2.4.2. For any set X, a topology on X is just a subframe of the powerset frame £ (X).

Lemma 2.4.3. Let h : A — B be a frame homomorphism. If A’ is a subframe of A, then h[A’] is a subframe
of B.
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Proor. Let A’ be a subframe of A. Since 04,14 € A’, it immediately follows that Op, 15 € h[A’]. Let
M C h[A’]. Then there exists N C A’ such that M = h[N]. We have \/ h[N] = h(\/ N), and \/ N € A’
(since A’ is a subframe). So A(\/ N) = \/ M € h[A’]. It follows that h[A’] is closed under arbitrary joins. Let
b,b’ € h[A’]. Then b = h(a) and b’ = h(a’) for some a,a’ € A’. Wehave b Ab’ = h(a) A h(a’) = h(a AN a’),
and, sincea Aa’ € A, b Ab € h[A’]. It follows that 4[A’] is closed under binary meets. We can conclude that
h[A’] is a subframe of B. [ |

2.4.1 Describing the counit

Let A be a frame, and consider the points pt(A) (= Frm(A, 2)). Define a function ¢4 : A — P(pt(A)) by

pa(a) = {p e pt(A) | p(a) = 1}.
Proposition 2.4.4. ¢4 is a frame homomorphism.

Proor. It is straightforward to verify that ¢ 4(0) = @ and (1) = pt(A). Take (a;);ic; € A. We have

ea\/ a) ={p e pu(a) | p(\/ a;) = 1}

iel iel

={pept(A) | \/ plar) =1}

i€l
={pept(A) | (Fiel) pla;) =1}
={pept(A) | (Fiel)peypala)}

= U vala;).

It follows that @4 preserves arbitrary joins. Now take a,a’ € A. We have
palana’)={pept(A)|plana’)=1}
={p ept(A) | p(a) A p(a’) =1}
={p ept(4) | p(a) =l and p(a’) = 1}
={p €pt(A) | p € pa(a) and p € pa(a’)}
= ga(a) Npa(a’).

It follows that ¢ 4 preserves finite meets. We can conclude that ¢ 4 is a frame homomorphism. [
Corollary 2.4.5. For any frame A, @[ A] is a topology on pt(A).

Remark 2.4.6. We therefore regard pt(A) as a topological space equipped with the topology O(pt(A)) :=
walA]. The space pt(A) is referred to as the spectrum of A. We now view ¢4 as a frame homomorphism
wa: A —> O(pt(A)) —in this way ¢4 is always surjective.
Let f : A —> B be a locale morphism, and let p € pt(A). Then we have frame homomorphisms
B-Lsa-2,2
r-fr

Hence p - f* € pt(B), and we write pt(f)(p) := p - f*. We therefore obtain a function pt( f) : pt(A) — pt(B).

35



Proposition 2.4.7. For any locale morphism f : A — B, the function pt(f) : pt(A) — pt(B) is continuous.

Proor. Let b € B, and consider the open set pg(b) = {p € pt(B) | p(b) = 1}. We have

pt(f) ' es(b)] = {p € pt(A) | pt(f)(p) € ¢p(b)}
={pept(A) | p- " €pp(b)}
={p ept(A) | p(f" (b)) = 1}
= @a(f7(b)) € O(pt(A)).

We can conclude that pt( f) is continuous. [ ]

Straightforward verification reveals that we have a functor pt : Loc — Top, we refer to pt as the spectrum

functor. We thus have a means of functorially moving between Top and Loc:

%
P

Top Loc.
\&_t/
P

For any locale A, we write €4 : O(pt(A)) — A for the locale morphism defined by the frame homomorphism
@a: A —> O(pt(A)). Thatis &%, = ga. Set & = (O(pt(A)) — A)AcLoc-
O-pt

P
Proposition 2.4.8. ¢ is a natural transformation Loc “s Loc.

~

idLec

Proor. Let f : A — B be a locale morphism. We need to verify that the square

o(pt(4)) 22 0(pt(B))

e l lgB

A—— B

f

commutes. By duality, we must verify that the square (in Frm)

o(pt(4)) &Y o(pi(B))

wAT T""B 2.4)

A — B
commutes. Let b € B. By the proof of Proposition 2.4.7,
pt(f) (pa(b)) = pt(f) ' [en(b)]
= pa(f7(D)).

Therefore the square (2.4) commutes, and we can conclude that ¢ is a natural transformation O - pt = idpee. B

2.4.2 Describing the unit

Let X be a topological space. Define a function n7x : X — pt(OX) by nx(x) := x*, where x* : OX — 2 is
the frame map defined by
1 forxeU,

0 forxe¢U.

x*(U) =
(It is straightforward to check that such x* defines a frame homomorphism OX — 2).
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Proposition 2.4.9. nx is continuous.

Proor. Let U € OX, and consider the open set ¢ox(U) = {p € pt(OX) | p(U) = 1}. We have

nx [eox(U)] = {x € X | x* € pox(U)}
={xeX|x"(U)=1}
={xeX|xeU}
=U.

We can conclude that n7x is continuous. [

Proposition 2.4.10. If njx is surjective, then nx is an open map.

Proor. Let nx be surjective. Let U € OX. We have

nx[U] = {x" | x e U}
={x"|x e Xandx"(U) =1}
€ pox(U).
Let p € ¢ox(U). Then p is a frame map OX — 2 for which p(U) = 1. Since nx is surjective, there exists an
x € X for which x* = p. This x is obviously such that x € U, and hence p € nx[U]. Thatis, pox(U) C nx[U].
It follows that nx [U] = ¢ox(U), and we conclude that iy is an open map. [
Next, setn = (X X, pt(OX))xeTop-

id
Proposition 2.4.11. 7 is a natural transformation Top Hn Top.
o
pt-

Proor. Let f : X — Y be a continuous map of spaces. We need to verify that the square

f

X ——Y

nxl lny (2.5
0X) — pt(0OY
pt(0X) e pt(OY)

commutes. Let x € X. We have ny (f(x)) = (f(x))*, where (f(x))* is the frame map OY — 2 defined by

for f(x) e U,
for f(x) ¢ U.

(f ()" (U) =

Additionally, pt(f) (nx(x)) = pt(f)(x*) =x"- f*. For U € OY, we have

X fHU) =x (7))
1 forx e flU],
0 forx¢ f'[U]

[a—

for f(x) e U,
for f(x) ¢ U.

=)

Therefore the square (2.5) commutes, and we can conclude that 77 is a natural transformation idrep = pt-O. =
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2.4.3 Exhibiting the adjunction

P
So far we have functors Top Loc, and natural transformations idrep —l pt-O and
~ —
pt
O -pt =%= idy. It should thus come as no surprise that

Theorem 2.4.12. The open-set functor O is left adjoint to the spectrum functor pt; this adjunction has unit

and counit €. Moreover the adjunction is idempotent.

Proor. We need to verify that the triangular identities for an adjunction are satisfied. Then we can check

idempotency.

1. First triangular identity.

Let X be a topological space. We must show that the triangle (in Loc)

0xX —2, 0(pt(0X))

(0):¢

commutes. By duality, we must show that the triangle (in Frm)

0xX <5 0(pt(0X))

N
‘m

(0):¢

commutes. Let U € OX. By the proof of Proposition 2.4.9, we have
nx(¢ox(U)) =y [¢ox(U)] = U.
Thus 7} - 9ox = idpx, and it follows that the triangle (2.6) commutes.

2. Second triangular identity.

Let A be a frame. We must show that the triangle

pt(A) E b0 (pt(A))

\ [ 2.7
idpi(a)

pt(A)

commutes. Let p € pt(A). We have pt(ga)(7pi(a)(p)) = pt(ea)(p*) = p* - ¢a. Now p* is the frame
homomorphism O(pt(A)) — 2 given by (for a € A)

for p € pa(a),

p*(pala)) = for p ¢ oala)
_ 1 forp(a)=1,
0 forp(a)=0
= p(a).

Thus, p* - ¢4 = p. It follows that the triangle (2.7) commutes. We can conclude that O is left adjoint to

pt; with n7 the unit and & the counit of the adjunction.
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3. Idempotency.
Since, for any frame A, the homomorphism ¢4 : A — O(pt(A)) is surjective, it follows that ¢4 is an
isomorphism iff ¢4 is injective. Let X be a topological space. We claim that gpx : OX — O(pt(0X))
is injective. Let U,V € OX. Suppose that oox(U) = ¢ox (V). Then, for all p € pt(OX), p(U) = 1 iff
p(V) = 1. Let x € U. Then we have the frame map x* : OX — 2 with x*(U) = 1, hence x*(V) = 1,
and so x € V. Now instead suppose x € V. Then x*(V) = 1, hence x*(U) = 1, and so x € U. Thus
U =V, i.e. the frame homomorphism ¢px : OX — O(pt(OX)) is injective. It therefore follows that,
for all X € Top, €px : O(pt(0OX)) — OX is an isomorphism in Loc, and hence, for all A € Frm,
Mpt(a) : Pt(A) — pt(O(pt(A))) is a homeomorphism. We can conclude that the adjunction O H pt is

idempotent.

We now know that we have an adjunction

o
3
Top + Loc.
~—
pt

Since every adjunction restricts to an equivalence between full subcategories in a canonical way, it is worth

investigating the equivalence that arises from the adjunction O A pt.

Definition 2.4.13. A topological space X is said to be sober iff nx : X — pt(OX) is ahomeomorphism.
We write Sob for the full subcategory of Top whose objects are the sober spaces; thatis, Sob := Fix(pt-O).

Remark 2.4.14. By the idempotency of the adjunction O 4 pt, a space X is sober iff there exists a frame A for
which X = pt(A). Moreover, if (for a given space X) nx is bijective, then nx is an open map (recall Proposition
2.4.10); therefore a space X is sober iff nx is a bijection. For any space X, we refer to pt(OX) as the sobrification
of X. Any space X can be replaced by its sobrification pt(OX) without altering the underlying open-set locale
OX, this is because the adjunction O 4 pt is idempotent: recall that ppx : OX — O(pt(OX)) is always an

isomorphism.

We will soon see that Sob is a substantial part of Top; in fact every Hausdorff space is sober, and every sober

space is Tp. These facts will be proven in Section 2.6.

Definition 2.4.15. A frame (locale) A is said to be spatial (or is said to have enough points) iff
wa: A —> O(pt(A)) is an isomorphism. We write SpLoc for the full subcategory of Loc whose objects
are the spatial locales (SpFrm is the full subcategory of Frm whose objects are the spatial frames).
Notice that SpLoc := Fix(O - pt).

Remark 2.4.16. By the idempotency of the adjunction O 4 pt, a frame A is spatial iff there exits a space X for
which A = OX. Since ¢4 : A — O(pt(A)) is always surjective, a frame A is spatial iff ¢4 is injective. For
any frame A, we refer to O(pt(A)) as the spatialisation of A.

We therefore see that the fixed points on either side of the adjunction O A pt are the sober spaces and the spatial
locales. One thus obtains

Corollary 2.4.17. The category Sob is equivalent to the category SpLoc. In other words, Sob is dual to SpFrm.
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Corollary 2.4.17 is the reason why we refer to the study of frames and locales as point-free topology: Sob is
embedded in Loc as a full subcategory — and in passing from Sob (or more generally, Top) to Loc it is the points
in spaces which are forgotten and the open sets which are remembered — thus locale theory ‘extends’ sober
space topology. In Section 2.5 we will see that many frames and locales contain no points at all (in particular
we will demonstrate that any complete Boolean algebra without atoms contains no points). If A is an atomless
complete Boolean algebra (viewed as a frame) then pt(A) = @, however the cardinality of A is obviously infinite
(any finite Boolean algebra is atomic = finite powerset algebra), so A has many “open sets” and no points (A
is inherently non-spatial) — thus illustrating that the open sets are more fundamental than the points in locale

theory. We will meet a concrete example of this type of non-spatial frame in Chapter 3.

2.5 More on spatiality

Let A be a frame. We write pr(A) for the set of prime elements in A. By Theorem 2.3.18 and Corollary 2.3.19,
pt(A) isin bijection with pr(A): the function @4 : pt(A) — pr(A) defined by (Vp € pt(A)) aa(p) =V ker(p)
is bijective. (Recall that ker(p) is a prime principal ideal and hence \/ ker(p) is a prime element in A). Fix an
a € Aand p € pt(A). We have

pEpala) & pla)=1 — ag¢ker(p) = a< \/ker(p) — a< aas(p). (2.8)

Motivated by the fact that a4 is bijective, and the equivalence (2.8), we are led to define a function ¢/, : A —
P (pr(A)) by
oh(a) ={x epr(A) | a £ x}.

In this way we have
(Va e A)(Vp € pt(A))  p € pala) & aa(p) € ¢,(a).

Remark 2.5.1. In a manner similar to the proof of that of Proposition 2.4.4, one can show that ¢’, is a frame

homomorphism.
Proposition 2.5.2. ¢4 is injective iff ¢/, is injective.
Proor. (=) Let g4 be injective. Let a, b € A and suppose that ¢’, (a) = ¢/, (b). Then:

(Vx € pr(A)) x € ¢y(a) & xe¢,(b)
iff (Vx epr(A))  a,' (x) € pala) &= a;'(x) € pa(b). (2.9)

Since « A

Therefore ¢’ is injective.

! is bijective, in particular surjective, by (2.9) above it follows that ¢ (a) = @a(b). Hence a = b.

(<) Let ¢/, be injective. Let a, b € A and suppose that a(a) = ¢a(b). Then:

(Vp ept(A))  pegpala) & p e pa(b)
iff (Vp ept(A))  aa(p) € p)(a) = aa(p) € ¢)(b).

Since a4 is bijective, in particular surjective, it follows that ¢/, (a) = ¢/, (b). Hence a = b. Therefore ¢4 is

injective. [
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Corollary 2.5.3. A frame A is spatial iff ¢, is injective.

Spatiality has an internal lattice-theoretic characterisation, and it turns out to be quite useful, as we now present

below:
Theorem 2.5.4. A frame A is spatial iff, for eacha € A, a = \{x € pr(A) | a < x}.

Proor. (=) Let A be spatial. Then ¢/, is injective. Let a € A, and set P, := {x € pr(A) | a < x}. Clearly
a < )\ Py. Since ¢’ is order-preserving (recall Remark 2.5.1), we have ¢’, (a) C ¢/, (/\ Pa). Letx € ¢/, (A Pa).
Then A P, £ x, hence x ¢ P, and so a £ x. This yields x € ¢/, (a). Therefore ¢’,(/\ P,) € ¢’,(a), and hence
¢’y (a) = ¢/, (/\ Py). It then follows thata = A P,.

(<) Suppose that, for all @ € A, a = A{x € pr(A) | a < x}. Leta,b € A be such that a # b. Then
Nx epr(A) |a <x} # AN{x e pr(A) | b < x},and so {x € pr(A) | a < x} # {x € pr(A) | b < x}. Then
there exists x € pr(A) such thata < x and b £ x (i.e. x ¢ ¢/, (a) and x € ¢/, (b)), or there exists y € pr(A) such
thata £ yand b < y (ie. y € ¢/(a) and y ¢ ¢, (b)). Hence ¢’,(a) # ¢,(b). So ¢/, is injective, and A is
spatial. [

We summarise the various useful characterisations of spatiality in the following theorem:
Theorem 2.5.5. For any frame A, the following conditions are equivalent:
(i) The frame map ¢4 : A — O(pt(A)) is an isomorphism.
(i) The frame map ¢4 : A — O(pt(A)) is injective.
(iii) There exists a topological space X for which A = OX.
(iv) Foralla€ A, a= N{x € pr(A) | a < x}.

In [6] the notion of the ascending chain condition (briefly, the ACC) for posets was introduced. The ACC is in
essence a generalisation of finiteness for posets; every finite poset satisfies the ACC, but not conversely. In my
Honours thesis ([30]) it was shown that, as a corollary of Theorem 2.5.4,

Corollary 2.5.6. Every frame which satisfies the ACC is spatial.

In particular, if one wishes to construct a non-spatial frame, such a frame ought to be infinite.

2.5.1 Spatial Boolean frames
Proposition 2.5.7. In a Boolean algebra A, an element is an atom iff its complement is prime.

Proor. (=) Let a be an atom in A. Consider —a. Since a # 0, it follows that —a # 1. Let x,y € A be such
that x Ay = =a. Thena = =(x A y) = —=x V =y. So —x < @ and —y < a. Since a is an atom, if —x # 0 then
-x = a, and if =y # 0 then -y = a. Since —x V =y # 0, it must be that -x # 0 or =y # 0, hence a = —x or

a = -y. So na = x or ~a = y. Therefore —a is prime.

(<) Let x be prime in A. Consider —x. Since x # 1, it follows that —x # 0. Let y € A be such that y # 0
and y < —x. Thenx < =y # 1. We have 0 = y A =y < x. Since x is prime, y < x or =y < x. If y < x, then
-x < 7y, s0y < -y and hence y A =y = y # 0 — a contradiction. Therefore it must be the case that y £ x and

-y < x. Hence we can conclude that x = =y, i.e. =x = y. Therefore —x is an atom. [
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Remark 2.5.8. For a Boolean algebra A, we write at(A) for the set of atoms in A.
Lemma 2.5.9. A Boolean frame A is spatial iff A is atomic.
Proor. Let A be a Boolean frame. A is spatial iff
(Va € A) aZ/\{xepr(A) | a < x}
iff (VaeA) a= /\{x € pr(A) | -x < —a}
iff (VaeA) a= A{ﬁx | x € pr(A) and —x < -a}
iff (Ya € A) a==\/{~x|x € pr(A) and ~x < -a}
iff (Vae€eA) -a-= \/{—uc | x € pr(A) and —x < —a}
ift (Vb e A) b=\/{yeat(4) |y <b}
iff A is atomic.

As a consequence of Lemma 2.5.9 we see that the spatial Boolean frames correspond to discrete spaces,

moreover,

Corollary 2.5.10. Any atomless Boolean frame is non-spatial.

2.6 More on sobriety

Let X be a topological space. We have a bijection apx : pt(OX) — pr(OX), where apx(p) = Uker(p) =
U{U € 0X | p(U) =0}.
Proposition 2.6.1. For eachx € X, X \ {x} is prime in OX.

Proor. Let x € X, and consider the frame map nx(x) = x* : OX — 2. We have

aox(x) = | _Jker(x)
= U{UeOX|x*(U) =0}
:U{UEOX|x¢U}
:U{X\(X\U) |UeOXandx € X\ U}
:X\ﬂ{X\UerOXandxeX\U}
=X\ J{ACX|Aisclosedand x € A}
= X\ {x}.
Thus X\mis prime in OX. [

If X is sober, then the continuous map nx : X — pt(OX) is bijective, hence the composite apx - nx :
X — pr(X) is a bijection. Conversely, suppose @px - 7x is a bijection. Then (since a@px is a bijection)

nx = QE)]X - (@px - nx) and hence nx is a bijection (i.e. X is sober). Thus we have established

Proposition 2.6.2. X is sober iff the function apx - nx : X — pr(OX) is a bijection.
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Consequently, combining Propositions 2.6.1 and 2.6.2,

Corollary 2.6.3. X is sober iff
(VP € pr(0X))(3x € X) P =X\ {x}.

Let A be a frame. We write cp(A) for the set of all cp-filters of A. By Theorem 2.3.18 and Corollary
2.3.19, the points of A are in bijection with the cp-filters of A: the function 84 : pt(A) — cp(A) defined by

Ba(p) = coker(p) = p~'(1) is bijective.

Proposition 2.6.4. Let X be a topological space. For any x € X, the set U, = {U € OX | x € U} is a cp-filter
of OX.

Proor. Take x € X. Then nx(x) = x* is a point of OX. Hence we have a cp-filter

Box(nx(x)) = coker(x*) = {U € OX | x"(U) = 1}
={UecO0X |xeU}.

If X is sober, then the composite Box - nx : X — cp(OX) is a bijection. Conversely, if Bpx - 17x is a bijection,
then nx = :351)( - (Box - nx) and hence nx is bijective (i.e. X is sober). Thus we have

Proposition 2.6.5. X is sober iff the function Box - nx is a bijection.
Combining Propositions 2.6.4 and 2.6.5, we obtain

Corollary 2.6.6. X is sober iff
VF ecp(OX)(3x e X) F =U,.

Proposition 2.6.7. X is Ty iff nx : X — pt(OX) is injective.

Proor. (=) Let X beTy. Letx,y € X withx # y. Consider the frame maps x* : OX — 2 and y* : OX — 2.
Then there exists U € OX withx e Uandy ¢ U, or x ¢ U and y € U. Without loss of generality, suppose that
itisxeUandy ¢ U. Thenx*(U) = 1 and y*(U) = 0. Hence x* # y*. That is, nx is injective.

(&) Let nx be injective. Let x,y € X with x # y. Then x* # y*. So there exists U € OX for which
x*(U) # y*(U). We either have x*(U) = 1 or x*(U) = 0. If x*(U) = 1, thenx e Uand y ¢ U. If x*(U) =0,
then x ¢ U and y € U. We can conclude that X is Tj. [

Corollary 2.6.8. Every sober space is Ty.

Notice that Corollary 2.6.3 characterises sobriety in terms of unique existential quantification. We are thus

motivated to weaken the notion of sobriety by omitting the ‘uniqueness’:
Definition 2.6.9. A topological space X is said to be quasisober ift
(VP e pr(0X))(3x € X) P=X\ {x}.
Proposition 2.6.10. X is sober iff X is Ty and quasisober.
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Proor. (=) This follows from Corollaries 2.6.3 and 2.6.8.

(&) Let X be Ty and quasisober. Since X is Ty, the map nx : X — pt(OX) is injective, and hence the
composite @px - nx : X — pr(OX) is injective. Since X is quasisober, we have that, for any P € pr(OX),
there exists some x € X for which P = X \m (= apx(nx(x))), i.e. the composite apx - nx is surjective. It

follows that apx - n7x is bijective, and we can conclude that X is sober. [ |
We can summarise the various characterisations of sobriety within the following theorem:
Theorem 2.6.11. Let X be a topological space. The following statements are equivalent:
(i) The continuous map nx : X — pt(OX) is a homeomorphism.
(ii) The continuous map nx : X — pt(OX) is bijective.
(iii) There exists a locale A for which X = pt(A).
(iv) Forany P € pr(OX), there exists a unique x € X such that P = X \ {x}.
(v) Forany ¥ € cp(OX), there exits a unique x € X such that F = U,.
(vi) X is Ty and, for any P € pr(OX), there exists some x € X for which P = X \ {x}.
Proposition 2.6.12. Every Hausdorff space is sober.

Proor. Let X be a Hausdorff space. The empty space vacuously satisfies the sobriety axiom, and the one-point
space trivially satisfies the sobriety axiom. If X only has two points, then the only topology on X which satisfies
the Hausdorft axiom is the discrete topology, making OX a complete atomic Boolean algebra, and hence the
primes of OX are precisely the complements of the atoms (the atoms are precisely the singletons — X is in
particular 77, so the singletons are closed), for which it follows that X is sober. So suppose that X has at least
three points, and assume that X is not sober. Since X is Tp, it must be that X is not quasisober. Then there exists
P € pr(OX) such that, foreach x € X, P # X \ {x} (X is T}, so every singleton is closed). Fix such a prime P.
Then (since also P # X) there exists x, y € X withx # y such thatx,y ¢ P. Fix such x, y. Since X is Hausdorff,
there exists U,V € OX withU NV = @ suchthatx e Uandy € V. Then P ¢ PUU and P ¢ PU V. Now, it
is straightforward to verify that (P UU) N (P UV) = P, and hence P = PU U or P = P UV — a contradiction.
Therefore it must be the case that X is sober. [ ]

Remark 2.6.13. There is no implication in either direction between sobriety and the 7; separation axiom; for
examples illustrating this, see [13, 17, 33]. (The Sierpifiski space is sober and not 77, while any infinite set with

cofinite topology is 77 and not quasisober).
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Chapter 3

Sublocales

In point-set topology, it is well-known that the subspace embeddings correspond to extremal monomorphisms!
in Top [4]. The goal of this chapter is to understand the behaviour of subobjects in Loc — these correspond
to the notion of sublocale as introduced in [13]. We will eventually describe a sublocale as a particular subset
(satisfying certain lattice-theoretic properties) of a locale/frame, these subsets turn out to be the fixsets of special

closure operators (called nuclei) on the frame.

Since Loc is an abstract category (the morphisms in Loc are not ‘structure-preserving functions’), and we would
like to view Loc as a generalisation of Top, it would be advantageous to modify Loc into a concrete category
Loc+ in such a way that Loc = Locx. Indeed this is possible since frame homomorphisms have uniquely defined

right adjoints — the localic maps.

Definition 3.0.1. We define the category Locs as the category whose objects are frames and whose

morphisms are localic maps (recall Definition 2.1.4).

Remark 3.0.2. Locx is isomorphic to Loc — in this way Locx is a concrete representation of Loc. Loc is not
to be confused with the formal opposite of Frm (this is of course the category Loc of locales): Frm®? # Locx,
however we do have Loc := Frm°? = Locx.

We will discuss the process in which subspaces induce sublocales, it is then straightforward to see how closed
(resp. open) sublocales correspond to closed (resp. open) subspaces. The theory of locales diverges from that
of topological spaces in that every locale contains a least dense sublocale (this fact is known as Isbell’s Density

Theorem) — this makes it possible to construct non-spatial sublocales from spatial locales.

The references used for this chapter are [13, 17, 31, 32].

In a general category C a monomorphism m is said to be extremal iff whenever m can be factored as m = f - g where g is a
bimorphism (i.e. g is monic and epic) then it follows that g is an isomorphism. Recall that if a composite f - g is monic, then g is also
monic, thus for a monomorphism m to be extremally monic it suffices to ask for that in any decomposition m = f - e where e is an
epimorphism then it follows that e is an isomorphism. The dual notion of extremal monomorphism is extremal epimorphism, that is e
is extremally epic in C iff ¢°P is extremally monic in C°P. To spell this out, an epimorphism e is extremally epic iff whenever e can be

factored as e = m - f where m is a monomorphism then it follows that m is an isomorphism.
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3.1 Some technical machinery

We will need some categorical results which are of a technical nature, and whose proofs will be omitted from

this thesis (though those who wish to read the proofs can consult the cited references).

Definition 3.1.1. A category C is said to be concrete iff there exists a covariant forgetful functor
U : C — Set which is faithful.

Definition 3.1.2. A concrete category C is said to be equationally presentable iff C may be described
as the category of sets equipped with certain operations satisfying certain equations involving these
operations as objects and functions that preserve these operations as morphisms. (See [13, 26] for
further details).

Definition 3.1.3. A concrete category C is said to be algebraic iff C is equationally presentable and the
forgetful functor U : C — Set is a right adjoint.

Example 3.1.4. Frm is algebraic — it is equationally presentable, and in the next chapter we will outline how
to construct the left adjoint of the forgetful functor U : Frm — Set.

Proposition 3.1.5. In an algebraic category, the regular epimorphisms are precisely the extremal epimorphisms.
(See [29] for further details).

The following theorem is presented by Johnstone in [13], it will prove to be useful in this project.
Theorem 3.1.6. Let C be an algebraic category. Then:

(i) C has all small limits, and they are constructed exactly as in Set (i.e. the forgetful functor C — Set

preserves them).
(it) C has all small colimits.
(iii) The monomorphisms in C are precisely the injective homomorphisms.

(iv) Epimorphisms in C need not be surjective, but the extremal epimorphisms in C are precisely the surjective

homomorphisms.

(v) Every morphismin C can be factored (uniquely up to isomorphism) as an extremal epimorphism followed

by a monomorphism.

3.2 Closure operators

It will turn out that we will be able to represent sublocales as certain closure operators, we therefore provide the
definition of closure operator that is used in this project.

Definition 3.2.1. A closure operator on a poset X is a monotone map k : X — X such that, for each
x € X,
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(1) x < k(x) (k is inflationary), and

(i) kk(x) = k(x) (k is idempotent).

Notice that we can replace condition (ii) above by the condition
(1) kk(x) < k(x)

since condition (i) guarantees k(x) < kk(x). For a closure operator k on a poset X, we say an element x € X
is k-closed iff x = k(x) (equivalently, k(x) < x). The set X; = {x € X | x = k(x)} is called the fixset of
k in X. Notice that the fixset X} is contained in the set k[X]. Now let x € X, and consider k(x). We have
k(x) = kk(x), therefore k(x) € X, i.e. k[X] C Xi. We can conclude that X3 = k[X]. Themapk : X — X
restricts to a surjective monotone map k* : X - X where k*(x) = k(x).

A
Let X 3 Y be a Galois connection. We know that idx < f.f* and f* f. f* = f*, from which it follows

f*
that the monotone map f. f* : X — X is inflationary and idempotent, i.e. f. f* is a closure operator on X.

Let k : X — X be a closure operator. Let j : X < X be the inclusion of the fixset X into X. We claim that
k* : X - Xj is left adjoint to j. Indeed, for x € X and x’ € X,
k(x) <x’ = x<x’
— x < jx'),
and conversely,
x<jx) = x<x’
= k(x) < k(x")

— k(x) <x.

Thus £* 4 j, and we will use the notation k., := j; moreover k* - j = idx, (since k™ is surjective). We bear in

mind the slogan “closure operators are left adjoints”.

3.3 Introducing sublocales

In Frm every frame homomorphism / : A —> B factors as i = j - h where h : A - h[A] is the surjective
frame map (extremal epimorphism) a — h(a), and j : h[A] < B is the inclusion (monomorphism) of /[ A]

into B. This is of course one of the consequences of Frm being algebraic (recall Theorem 3.1.6).
Remark 3.3.1. Surjective frame maps will be referred to as sublocale homomorphisms.

Dually, in Loc every morphism f : B — A factors as
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where e is an epimorphism (e* = j : f*[A] < B is the inclusion), and m is an extremal monomorphism
(m* = f* : A — f*[A] is the surjection a — f*(a)). In short, every locale morphism factors as an

epimorphism followed by an extremal monomorphism.

3.3.1 Isomorphism classes

Let C be a category, and fix an object A in C. Two morphisms B L Aand C 5 A are said to be isomorphic
(notated f = g) iff there exists an isomorphism @ : B — C such that f = g - @. The relation = on the
class of morphisms in C with codomain A is clearly an equivalence relation; the equivalence class containing a

morphism f : B — A will be notated as [ ] and will be referred to as ‘the isomorphism class containing f.

Definition 3.3.2. A sublocale of alocale A is an isomorphism class of extremal monomorphisms in Loc

with codomain A.

For a locale A, we write Sub(A) for the set of all sublocales of A.

3.4 Nuclei and sublocales

Let f : B— A be alocale morphism. f induces a Galois connection

f*

where f* is a frame homomorphism, and f, is a localic map. The composite f.f™* is thus a closure operator
on A; moreover, since f* and f, both preserve finite meets, f,f* preserves finite meets. This motivates the

following definition:

Definition 3.4.1. A nucleus on a frame A is a closure operator n : A — A for which, for all a,a’ € A,

n(a Aa’) =n(a) An(a’).

For a nucleus # on a frame A we have a < n(a) for all a € A, so it follows that n(1) = 1, and hence n preserves
all finite meets. The composite f. f* is called the nucleus induced by the morphism f. Being consistent with
notation, we write A,, for the fixset of n in A. Between posets, we have a surjective monotone map n* : A » A,
(defined by a +— n(a)) whose right adjoint is the inclusion n, = j : A,, — A. We write N(A) for the set of

nuclei on A.
Lemma 3.4.2. A, (with the inherited order) is a frame, and n* : A - A,, is a frame homomorphism.
Proor.

1. A, is closed under finite meets in A.

Firstly, note that 1 € A, (i.e. A, is closed under the empty meet in A). Let a,a’ € A,, we need to verify
thata A a’ € A,,. We have a = n(a) and a’ = n(a’), hence a A a’ = n(a) An(a’) =n(a A a’) —since n
preserves all finite meets. Thus a A a’ € A,,. It follows that A,, has finite meets, which are the same as

those in A.
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2. A, has arbitrary joins.
Let M C A, and consider M’s join in A: \/ M. We have n(\/ M) € A, and, for each m € M,
m < VM < n(\/ M). Therefore n(\/ M) is an upper bound of M in A,,. Let @ € A,, be any upper bound
of M in A,,. Then obviously « is an upper bound of M in A, hence \/ M < a, so n(\/ M) < n(a) = a.

This shows that n(\/ M) is the least upper bound of M in A,. Therefore A,, has arbitrary joins, and, for
any subset M C A,,, we denote its join in A, as | | M = n(\/ M). It follows that A,, is a complete lattice.

3. n* : A » A, preserves finite meets and arbitrary joins.

We already know that n*(1) = 1. Take a,a’ € A. Then n*(a A a’) = n*(a) A n*(a’), since n is a nucleus
and preserves binary meets. It follows that n* preserves finite meets. Take a subset S € A. For each
s €S,s < VS, hence n*(s) < n*(\V S), which yields | |n*[S] < n*(\/ S) in A,,. Also, for each s € S,
s < n¥(s),s0 /S < Vn*[S]in A —thus n*(\V S) < n*(\V rn*[S]) = LUnr*[S] in A,,. It follows that n*

preserves arbitrary joins.

4. A, satisfies the frame distributivity law.
Take a € A,, and M C A,,. We have

aA|_|M:aAn(\/M)
:n(a)/\n(\/M)
=n(an\/ M)
=n(\/{a Am|meM)
=U{aAm|m€M}.

So for a nucleus n : A — A, we know that A, is a frame and the map n* : A - A, is a surjective frame

homomorphism whose right adjoint is the localic map n. = j : A, — A.
Theorem 3.4.3. For any locale A, there is a bijection between Sub(A) and N(A).

Proor. Fix alocale A. Let [ f] be a sublocale of A. Then we have an extremal monomorphism f : B — A in
Loc which yields a nucleus f.f*: A — A. If f: C — A is an extremal monomorphism in Loc that belongs
to the isomorphism class [ f], then f = f-cy for some isomorphism @ : B — C. Wehave f* = (f-a)* = oz*-j?*,
since (—)* is a contravariant functor from Loc to Frm, also f, = (f~- ), = ﬁ - @, since (—), is a covariant
functor from Loc to Locx. So f.f* = ﬁa*a*f* = ﬁf*, since a,a* = id¢ because @ 4 . with a, surjective.
It follows that we have a well-defined function Sub(A) — N(A). Now, let n : A — A be a nucleus. Let
g 1 A, » A be the locale morphism corresponding to the surjective frame homomorphism n* : A - A,,
i.e. g = n*. Note that g is an extremal monomorphism in Loc. We also have g, = n. = j : A, — A (an

injective localic map). Consider the commutative diagram (in Pos = the category of posets and monotone maps)

Let m : B » A be an extremal monomorphism in Loc such that n = m.m*, i.e. so that the diagram (in Pos)
A" B>x"5 A

n
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commutes. We wish to show that g = m, i.e. that g* = m*. We must exhibit an isomorphism of frames

¢ : B— A, such that g* = ¢ - m*. Consider the commutative diagram (in Pos)

A5 4, <A
B.

We have A, = g"[A] = g.£*[A] = m.m*[A] = m,[B]. Let ¢ : B — A,, be the map b — m,(b). It
follows that ¢ is a monotone bijection of posets. We claim that ¢ is order-reflecting. Suppose a < a’ in A,,.
Then a = ¢(b) < ¢(b’) = a’ for some b,b’ € B, so m.(b) < m,(b’). Then m*m.(b) < m*m,(b’), but

m*m, = idg because m* 4 m, where m* is surjective and m. is injective. Therefore b < b’. It follows that ¢ is

an order-embedding of B onto A,,, that is, ¢ is an order-isomorphism between frames and hence an isomorphism
in Frm. Now, for each a € A, ¢(m*(a)) = m.(m*(a)) = g.(g*(a)) = g*(a). Therefore g* = ¢ - m". [ |

In view of Theorem 3.4.3 and Lemma 3.4.2, we now modify the definition of sublocale:
Definition 3.4.4. Let A be alocale. A sublocale of A is a fixset A,, for some nucleusn : A — A.

Going forward, whenever we use the term ‘sublocale’, we will mean the notion as defined in Definition 3.4.4.

Corollary 3.4.5. A subset S of a locale A is a sublocale iff S is a locale (with respect to the inherited order)

and the inclusion j : S <— A is a localic map.

Proor. (=) Let S be a sublocale. Then S = A,, for some nucleus n : A — A. We know that n* : A » Sisa

frame homomorphism, and hence n. = j : § < A is a localic map.

(<) Suppose S is a locale (with respect to the inherited order) and j : S < A is localic. Then j*: A -» Sisa

frame homomorphism (where j* 4 j). The composite n := j - j* is a nucleus on A and S = A,,. [
There is a very useful lattice-theoretic characterisation of sublocales:
Theorem 3.4.6. A subset S of a locale A is a sublocale iff:

(i) S is closed under arbitrary meets in A, and

(ii) forallae Aands € S, (a = s) € S.

Proor. (=) LetS C A be a sublocale. Then there is a nucleus n : A — A for which S = A,,. Of course, A,, is
a frame, and the inclusion j : A, — A is a localic map. Let M C A,,, and write MM for the meet of M in A,,.
Since j preserves all meets, MM = j(NMM) = A j[M] = A M. Therefore \ M € A,, and it follows that the
meets in A,, are the same as thosein A. Takea € Aanda’ € A,,. Wehave (¢ = a’) = max{x € A | aAnx < a’}.
Set y = (a = a’). We need to show that y € A,,, i.e. we must show that y = n(y). We have a A y < a’, hence
n(any) =n(a) An(y) <n(a’) =a’. Now,a An(y) <n(a) An(y) <a'. Son(y)e{xeA|lanrx<al,
which yields n(y) < y. We can conclude that y = n(y).

(&) Let S C A be such that S is closed under arbitrary meets in A, and (Va € A)(Vs € S) (a = s) € S.
We must exhibit a nucleus n : A — A for which § = A, (i.e. § = n[A]). Define a functionn : A — A

by n(a) = A{x € S | a < x}. Since S is closed under meets in A, it follows that, for each a € A, n(a) € S,
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ie. n[A] € S. Let s € S, then trivially s = A{x € S | s < x}, so s € n[A]. Therefore S = n[A].
We claim that # is a nucleus on A. Firstly, since S is closed under meets in A, it follows that 1 € § and
n(l) = A{x € S| 1 < x} =1 -so n preserves the empty meet. Let a € A, and let @ € S be such that @ = n(a)
(=AN{xeS|a<x}) Ifaes,then a =a, otherwise a < @. Soa < a, thatis, n : A — A is inflationary.
Leta,a’ € A. Wehave n(a Aa’) =min{x € S | a A a’ < x}. Since n is inflationary, a A a’ < n(a A a’) and
aAna <n(a) An(a’). Son(a) An(a’) e {x € S| a Aa’ < x}, which yields n(a A a’) < n(a) An(a’). Now

consider

ana <n(anad) iff a <(a=nana’))
iff n(a’) < (a = n(aAa’)) because n(a’) =min{x € S | a’ < x}
iff ann(a’)<n(ana’)
if a< (na)=n(ana’))
iff n(a) < (n(a’) = n(ana))

iff n(a) An(a’) <n(ana).

We now know that n preserves all finite meets (and hence is monotone). Fora € A, nn(a) = A{x € S | n(a) <
x}, but n(a) € S, so nn(a) = n(a) (n is idempotent). We can conclude that n : A — A is a nucleus and
S=A,. [ |

Proposition 3.4.7. If f : A — B is a localic map, and S C A is a sublocale, then f[S] is a sublocale of B;

moreover, the restriction fis : S = f[S] of f from S onto f[S] is a localic map.

Proor. Let f : A — B be a localic map, and let S C A be a sublocale. Let M C f[S]. Then M = f[E]
for some E € S. We have AM = A fI[E] = f(ANE) € f[S] because S is closed under meets in A.
Take b € B and x € f[S] (i.e. x = f(s) for some s € S). We need to show that (b = f(s)) € f[S].
Since S is a sublocale, we have (f*(b) = s) € S, hence f(f*(b) = s) € f[S]. But, by the Frobenius
identity for localic maps (recall Corollary 2.1.8 in the previous chapter) f(f*(b) = s) = (b = f(s)). It
follows that f[S] is a sublocale of B. Let fis : S - f[S] be the map § > s > f(s). For M C S,
fisCtAM) = f(ANM) =\ fIM] = A fis[M] € f[S] —so f|s preserves all meets and hence has a left adjoint
flz : f[S] > S. We need to verify that flg preserves all finite meets. We have

(Vx € fISD (Vs € S) fl’g(x) < siffx < fis(s)
iff x < f(s)
iff f*(x) <,

hence, for each x € f[S], flg (x) = f*(x). Since f* preserves all finite meets, it follows that flg preserves all

finite meets. We can conclude that f|g is a localic map. [

Observation 3.4.8. We can conclude that, in the concrete category Locx, any localic map f : A — B factors
as

A s B

In particular, if f : A — B is an injective localic map, then A is isomorphic to a sublocale of B, namely f[A].

51



3.5 Sublocales induced by subspaces

As a consequence of Proposition 3.4.7 and Observation 3.4.8, we can construct sublocales of spatial frames
which are induced by subspaces. We will now spell this out. Let X be a topological space and Y C X a subspace.
Let j : Y < X be the inclusion of ¥ into X. We obtain a surjective frame homomorphism j* : OX - OY,
where, for each V € OX, j*(V) = j~'[V] = Y n V. This yields an injective localic map j, : OY »> OX.
Thus j.[OY] is a sublocale of OX and OY = j,.[OY]. We write S(Y) = j,.[OY], and call S(Y) the sublocale
induced by the subspace Y .

Observation 3.5.1. Each sublocale of a spatial frame OX that is induced by a subspace of X is itself a spatial

frame.
Proposition 3.5.2. For each U € OY, j.(U) =intx((X \Y) U U).
Proor. By Proposition 2.1.6 in the previous chapter, j.(U) = X \ j[Y\ U] = X\ (Y \ U). Now

Y\U=Yn(X\U)
=X\ (X\Y)Nn(X\U)
=X\ ((X\Y)UU).

Thus

J:(U) =X\ (X\ (X \Y)UU))

intx ((X \ Y) U ).

|
Observation 3.5.3. j.(U) can be interpreted as the largest open set in X whose intersection with ¥ yields U.

Proposition 3.5.4. For any topological space X and subspace Y C X, the sublocale of OX that is induced by
Y is determined by the formula

SY) ={intxy((X\Y)UV)|VeOX}.
Proor. We have

S(Y) = j.[0OY]
= {intx((X \ Y) UU) | U € OY}
= {intx(X \Y) U (Y NV)) |V € OX}
={intx((X\V)UY)Nn(X\Y)UV))|VeOX}
= {intx (X \Y) UV) | V € OX}. 3.1)
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3.6 Closed sublocales

Let X be a topological space, and let Y be a closed subspace of X. Then, foreachV € OX, intx((X \Y)UV) =
(X\Y)UYV,thus Eq. (3.1) reads

S(Y) = {(X\Y)UV |V e OX}
—{VeOX|(X\Y)CV}
=T(X\Y).

It is straightforward to verify that in an arbitrary locale A, for a € A, the up-set Ta is a sublocale. We are

therefore motivated to say
Definition 3.6.1. For any locale A, and a € A, the sublocales of the form ¢(a) :=Ta are said to be closed.

What is the nucleus corresponding to the closed sublocale Ta? Let us denote this nucleus by c¢(a). For x € A,

we have

cla)(x) = /\{y €la|x <y} (recall the proof of Theorem 3.4.6)

=/\{y€A|a<yandx<y}

=aVvx.
Thus the closed nucleus corresponding to the element a € A is given by ¢(a) = a V (-).
Proposition 3.6.2. A sublocale S of a spatial frame OX is closed iff S is induced by a closed subspace of X.

Proor. (=) Let S be a closed sublocale of OX. Then § =TV for some V € OX. Clearly TV is induced by the
closed subspace X \ V: S(X\V) =T(X\ (X \V)) =1V.

(&) If S is induced by a closed subspace of X, then S = S(Y) where Y C X is some closed subspace, and
S(Y) =7(X \ Y) which is a closed sublocale of OX. [ |

Corollary 3.6.3. Closed sublocales of spatial frames are always spatial.

For any locale A, we write Closed(A) for the poset of closed sublocales of A ordered by inclusion. We have
amap ¢ : A — Closed(A) where ¢(a) :=Ta. ¢ is clearly a bijection; moreover, a < b in A iff Th CTa in
Closed(A). Therefore we have established

Theorem 3.6.4. For any locale A, A°P is isomorphic to Closed(A).

3.7 Open sublocales
Lemma 3.7.1. For any topological space X, the Heyting implication on OX is given by the formula
U=V=intx(X\U)UYV)

where inty is the interior operator on X.
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Proor. LetU,V € OX. ThenU =V = J{W € OX | UNnW C V}. We have

UNnWcCcV — X\U)uUnW)c(X\U)uVv
— (X\UD)uwc(xX\U)uv
— WcCc(X\U)uV.

ThusU =V=U{WeOX |WC(X\U)UV}=intx((X\U)UV). [
Let Y be an open subspace of a topological space X. Then
SY) ={intx((X\Y)UV)|VeOX}
={Y =V |VeOX}.
Again, it’s straightforward to check that in any locale A, with a € A, the subset {a = x | x € A} is a sublocale

of A. We thus have

Definition 3.7.2. For any locale A, and a € A, the sublocales of the form o(a) := {a = x | x € A} are

said to be open.

For a € A, o(a) is obviously the image of A under the map o(a) := a = (—); it can easily be verified that o(a)

is a nucleus (see [13]): it is the open nucleus corresponding to a.

Now fix a locale A, and take @ € A. Then | a is itself a locale, and we can consider the locale morphism
f :la — A defined by the frame homomorphism f*: A — | a where f*(x) = a Ax. f*is clearly surjective,
and thus f is an extremal monomorphism in Loc. If we consider the injective localic map f, : | a > A, then
we know that | a is isomorphic to the sublocale f.[ |a]. Lety € la. Then fi(y) = V{x € A|aArx <y} =
(a=y). Thus Ja={a=y|yeAandy<a}.But{a=y|yeAandy<a}={a= (arx)|xe A} =
{la=a)A(a=>x)|xe A} ={a = x|x € A} =0(a). Therefore f.[ |a] = o(a), and we can conclude that

la =o(a).

Proposition 3.7.3. A sublocale S of a spatial frame OX is open iff S is induced by an open subspace of X.
Proor. (=) Let S be an open sublocale of OX. Then S = {U = V | V € OX} for some U € OX. Clearly S is
induced by the open subspace U.

(<) Let S be induced by an open subspace U of X. Then S = S(U) = {U = V | V € OX} — which is an open
sublocale of OX. ]

Corollary 3.7.4. Open sublocales of spatial frames are always spatial.

Moreover, in [17], Johnstone shows that any locale A is isomorphic to its lattice of open sublocales Open(A) —
also see [39].

3.8 A detour on negation in Heyting algebras

Recall that in a Boolean algebra, we have a = b = —a VvV b (where —a is the complement of a), and hence

—a = a = 0. This leads us to
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Definition 3.8.1. For an element « in a Heyting algebra A, we define —a := a = 0, and say that —a is

the negation of a. —a is the largest element x € A for whicha A x = 0.

Remark 3.8.2. Many authors refer to —a as the pseudocomplement of a, and write a* = —a.

Observation 3.8.3. In any Heyting algebra, =0 = 1 and =1 = 0; moreover, a < =b iff b A a = 0.

Proposition 3.8.4. Let A be a Heyting algebra. The negation operator — : A — A is order-reversing.

Proor. Leta < b in A. Then a A =b < b A =b = 0, while —a is the greatest element x in A with the property
aAx=0,s0-b < —a. [ ]
Corollary 3.8.5. For any Heyting algebra A, the composite =— : A — A is monotone and inflationary.

Proor. That —— : A — A is monotone follows immediately from Proposition 3.8.4. For a € A, we have

—a Aa=0,hence a < ——a. ]

Proposition 3.8.6. For any element a in a Heyting algebra A, we have ———a = —a.

Proor. We have —a < ——(-a), because —— is inflationary. Since a < ——a, we have =——a < —a (because —

is order-reversing). u

Proposition 3.8.7. For any a and b in a Heyting algebra A, we have
=(aV b)=-aA-b.
Proor. We have a < a V b, so —=(a V b) < —a. Similarly, =(a vV b) < =b. Hence —=(a V b) < —a A =b. Now,
(aVvb)A(man=b)=(aA(maA=b))V (bA (-aA=b))

= ((a A =a) A=b) V ((b A=b) A-a)

=(0A=Db)V (0A-a)

=0.
Thus, —a A =b < =(a V b). [
Proposition 3.8.8. For any a and b in a Heyting algebra A, we have

—=(a A b) = =—a A ==b.

Proor. WehaveaAb < a,s0-—(aAb) < =—a. Similarly, =~ (aAb) < ==b. Hence =—(aAb) < =—aA—-—b.

Now,
—=a A ==b < ==(a A b)
iff —=—aA-=-bA-(aAb)=0
iff —==bA-(aADb)<—-—ma
iff ==bA-=(aADb)<-a
iff ==bA=(aAnb)Aa=0
iff =(aAb)Aa<—-—-b
iff =(aAb)Aa<-b
iff =(aAb)A(anb)=0.
And since we always have =(a A b) A (a A b) =0, it follows that =—a A ==b < =—(a A b). [ |

55



Definition 3.8.9. For a Heyting algebra A, we say that excluded middle holds iff, for each a € A,

aV -a=1.

Trivially, we see that

Observation 3.8.10. A Heyting algebra is a Boolean algebra iff excluded middle holds.

Definition 3.8.11. In any Heyting algebra A, an element a € A is said to be regular iff a = =—a. We

write A, for the set of regular elements in A, and we give A__, the inherited order.

Proposition 3.8.12. A Heyting algebra A is a Boolean algebra iff every element of A is regular.

Proor. (=) Let A be a Boolean algebra, and take a € A. We have —a V —=—a = 1 and —a A —=—a = 0, that is,

—=a is the unique complement of —a: ——a = a.

(&) Suppose that every element of A is regular, and consider a € A. We have

aV-a=--(aV -a)
= =(=a A =—a)
==(-a A a)
= =0
=1.

Thus, A is a Boolean algebra. [
Proposition 3.8.13. For any Heyting algebra A, A_, is a Boolean algebra.

Proor. Let us first show that A_ - is a lattice. Since =0 = 1 and =1 = O, it is clear that 0,1 € A__. Take
a,be A... Thena Ab = -—a A—-=b=-=(aAb). Thusa A b € A__; it follows that A__, is a sub-meet-
semilattice of A. What is binary join in A_.? Note that, for all x € A, -—x = =——--x (because —x = =),
so ——x € A__. Thus, fora,b € A, -—(aVab) € A... Sincea,b < aVab < ——=(aVya b), it is clear that
—=(a V4 b) is an upper bound of {a, b} in A_.. Let a’ € A__, be any upper bound of {a, b} in A_.. Then
clearly a Vo b < a’, hence =—(a V4 b) < =—a’ = a’, and so it follows that =—(a V 4 b) is the least upper bound
of {a, b} in A__. Next we claim that A__ is a Heyting algebra. For a,b € A, puta =__ b = a = b (where
= is the Heyting implication on A). Letc € A... ThenaAc < biffc<a=biffc <a=_.b. ThusA_ . is
a Heyting algebra, and the Heyting implication in A coincides with that in A, which further implies that the
negation operator in A, coincides with that in A. And since a = ——a for all a € A__, each element in A__, is
regular, so A, is a Boolean algebra. [

In light of Proposition 3.8.13, we refer to A__, as the Booleanisation of A (see [32]).

3.9 Density

We now return to the main development of this chapter. Let S be a sublocale of a locale A. A S is the least
element of S, and T S is a closed sublocale which clearly contains S. Let a € A, and let Ta contain S. Then
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AS €Ta,ie.a < AS, and hence TA S CTa. We can conclude that T A S is the smallest closed sublocale
which contains S. We call T S the closure of S, and write S :=T A S. Notice that TA S = A iff A S = 0, iff
04 € S. Therefore,

Definition 3.9.1. A sublocale S of a locale A is said to be dense iff 04 € S.

Let X be a topological space, and let Y be a subspace of X. If Y is dense in X, what can we conclude about the
induced sublocale S(Y) in OX? Assume Y is dense. We have

intx (X \Y) =X\ (X \ (X\Y))
=X\Y
= @.
Thus, since S(Y) = {intx ((X\Y)UV) | V € OX},itfollows that S(Y) isdense in OX (because intx ((X\Y)U@) =

intxy(X\Y) =@,s0@ € S(Y)). Conversely, if S(Y) is dense in OX (so that @ € S(Y)), then @ = intx(X \ Y)
and hence Y is dense in X. We summarise this as

Fact 3.9.2. Let Y be a subspace of a topological space X. Then Y is dense in X iff S(Y) is dense in OX.

A topological space may not have a least dense subspace, take for example the real line R with its usual topology.
If R had a least dense subspace, then any intersection of dense subspaces of R would also be dense. But both Q
and R \ Q are dense in R, while Q N (R \ Q) = @. This is where locale theory diverges from point-set topology:

Theorem 3.9.3. Every locale has a least dense sublocale.

Proor. Let A be a locale. A glance at Propositions 3.8.5, 3.8.6, and 3.8.8, reveals that == : A — A is a
nucleus. Thus A__ is a sublocale, and 04 € A_- (so A_- is dense). Let S be any dense sublocale of A, and let

a€A__. Thena = -—a = (-a = 04) € S. Thus A__, is the least dense sublocale of A. [

Theorem 3.9.3 is referred to as Isbell’s Density Theorem, it was discovered by Isbell in [11]. We will soon see

that any intersection of sublocales of a locale A is also a sublocale of A, thus
Corollary 3.9.4. Any intersection of dense sublocales of a locale A is again a dense sublocale of A.
Lemma 3.9.5. Let X be a topological space, and let U € OX. Then —-U = int(U).

Proor. Recall Lemma 3.7.1. We have
U =-(U = 2)
= —int(X \ U)
=int(X\U) > @
=int(X \ int(X \ U))
= int(U).

Remark 3.9.6. Recall that an open set U € OX is said to be regular iff U = int(U).
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Corollary 3.9.7. For any topological space X, the set of all regular open sets of X forms a complete Boolean

algebra under the inclusion ordering.

Proor. Take a space X. Then observe that (OX)-- = {U € OX | U = int(U)}. By Proposition 3.8.13, (OX)—-,

is a Boolean algebra, and, since (OX)--, is a sublocale, it is a complete Boolean algebra. [

Isbell’s Density Theorem is a source for the construction of non-spatial locales, this is observed as

Proposition 3.9.8. There exist spatial locales OX (for X a topological space) for which there are sublocales
of OX that are not induced by subspaces of X.

Proor. Consider the space R with its usual topology. Then (OR)_, is a sublocale of OR. As a complete
Boolean algebra, (OR)_-, has no atoms. Indeed, suppose U is an atom in (OR)_-. Then there exists some
x € U,hence {x} C U. Since U is an atom, U = {x}, so {x} is aregular open set in R — but this is a contradiction!

Therefore (OR)--, is a non-spatial locale, and hence (as a sublocale) it is not induced by a subspace of R. =

3.10 The coframe of sublocales, and the frame of nuclei

For any locale A, we will write S(A) for the set of all sublocales of A, ordered by inclusion.
Theorem 3.10.1. S(A) is a coframe (i.e. S(A) satisfies the order-dual of the frame distributivity law).

Proor. Take (S;)ie; € S(A),andput B = ();¢; S;. Let M C B. Then, foreachi € I, M C S;,hence A M € §;,
and thus A\ M € B. It follows that B is closed under meets in A. Takea € A and b € B. Foreachi € I,
b € S;,s0 (a = b) € S;, and hence (a = b) € B. It follows that B is a sublocale, and S(A) is closed under
arbitrary intersections (i.e. S(A) is a complete lattice with meet given by intersection). Let S,T € S(A). We
claimthat SVT = {sAt|se S,tr €T} LetR={sAt|seS,teT} Lets; € Sandt; € T foralli € I.
Then A;¢;(si Ati) = (Njer Si) A (Ajerti) € R. So R is closed under meets in A. Fors € S, € T,and a € A,
a= (sAt) =(a = s)A(a=t) e R. It follows that R is a sublocale of A. Since 14 € Sand 14 € T,
s=sAlpeRandt=14At € R Thatis, SCRandT C R. Let S’ € S(A) besuchthat S C S’and T C §".
Then, forall s € Sandr € T, s At € S’ (since S’ is closed under meets in A). We can conclude that R is the
least upper bound of {S,T} in S(A). Since TV (;¢; Si € Nier (T V S;) holds trivially in S(A), we need only
verify that (;c; (T V S;) €TV ;e Si- We have
(\Tvs)={xeA|(VieDxeTVs;)
iel
={xeA|VieDFtecT)(Ts; €S;) x =t As;i}.
Leta € ;¢ (T VvV S;). Foralli € I, there exists t € T and s; € S; such that a = ¢ A s;. In fact we can set
t=/N{t' €T |x<t'}ands; = \{s; € S; | x < s/}, in this way ¢ is held fixed for all i € I. We have
a=tAa

=t A(t = a) (recall Proposition 1.1.24)

=tAN({@=(tAs)))

=tA(t=21) A= 5)

=tAN(t=s;) €T VS,

Thus, we have shown that (t = a) € S; foralli € I (i.e. (t = a) € ;7 Si), and hence a € T V (;¢; Si. We

can conclude that S(A) is a coframe. ]
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Recall that, for a locale A, we wrote N(A) for the set of nuclei on A. We now consider N(A) as a poset with

the pointwise order; that is, for n,n’ € N(A),n < n’ < (Ya € A) n(a) < n(a’).
Proposition 3.10.2. For any locale A, (S(A))P is order-isomorphic to N(A).

Proor. Since a sublocale of A is precisely defined as a fixset of a nucleus, and any two distinct nuclei yield
distinct fixsets, it immediately follows that the sublocales of A are in bijection with the nuclei on A. Letn < n’
in N(A), and take a € A,. Since a = n’(a), it follows that n(a) < a. But n is also inflationary, so a = n(a).
Thus A,» C A,. Conversely, suppose that A,, C A,. Forall a € A, a < n’(a), so n(a) < n(n’(a)). But
n'(a) € Ay, son(n’(a)) = n’(a). Thus n(a) < n’(a). We have therefore established that, for any two nuclei
n,n’ on A,

n<n e A, CA,.

We immediately obtain

Corollary 3.10.3. For any frame A, N(A) is a frame.

3.10.1 A representation theorem

We now turn to a discovery, of Funayama, which shows that every frame is representable as a subframe of a
complete Boolean algebra (see [16]). This fact was discovered around the year of 1959. We first need two

lemmas.
Lemma 3.10.4. For any frame A and a € A, the nuclei o(a) and c(a) are complementary elements of N(A).

Proor. Fix aframe A anda € A. Let b € A. Then

c(a)(b) No(a)(b) =(aV b) A(a=b)
=(an(a=> b))V (bA(a=Db))
=(aAb) Vb (recall Proposition 1.1.24)
=b.

That is, c(a) A o(a) = id4 — which is clearly the bottom element of N(A). Next, note that if n,n’ € N(A)
are such that x = (n vV n’)(x) for some x € A, then x = n(x) and x = n’(x) (because x = n(x) V n’(x) implies
n(x) < x and n’(x) < x). Now suppose b = (c(a) V o(a))(b). ThenaVv b =b (i.e.a < b)yanda = b = b.
Hence 1 = (a = a) < (a = b), and so b = 1. It follows that, for all b € A.(4)vo(a), b = 1. In particular, for
allx € A, (c(a) V o(a))(x) = 1. Thatis, c(a) V o(a) is the constant function which sends each element x € A

to the top element 1 € A; c(a) V o(a) is clearly the top of N(A). [

For a frame A, consider the map ¢ : A — N(A) which sends each a € A to its associated closed nucleus
clay=aVv (-).

Lemma 3.10.5. c is an injective frame homomorphism.

Proor. Takea, b € A. Then, by using the distributivity of A, c(a Ab) = (aAb)V (=) = (aV(=-))A(bV(-)) =
c(a) A c(b). Also, ¢(1) = 1V (=) which is the top element of N(A). Thus ¢ preserves all finite meets. Let
M C A . Thenc(\V/ M) =(\V M)V (-)=\V{mV (=) | me M}, this is the join of the c(m) (m € M) in N(A).
Next, if c(a) = ¢(b),thena vVx =b Vv x forall x € A. In particular,a =a V0= b v 0 = b. We can conclude

that ¢ : A — N(A) is an injective frame homomorphism. n
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Now we can state the representation theorem:
Theorem 3.10.6. Every frame is isomorphic to a subframe of a complete Boolean algebra.

Proor. Let A be a frame. Then N(A) is a frame, and we can consider the complete Boolean algebra (N (A))--.
Now, the injective frame homomorphism ¢ : A — N(A) can have its codomain restricted to (N(A))--, since
(for all a € A) =—c(a) = —o(a) = c(a); i.e. c(a) is a regular element of N(A) (recall Lemma 3.10.4). Thus
we can consider ¢ as an injective map ¢ : A > (N(A))-- — and since it still preserves arbitrary joins and finite
meets, it is still a frame homomorphism. Thus A is isomorphic to ¢c[A] € (N(A))--. |
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Chapter 4

Freely generated frames

From the algebraic point of view, an important result about frames is that free frames exist, that is to say the
forgetful functor Frm — Set has a left adjoint (see [17]). Typical algebraic structures may described by
‘generators and relations’ — we will take a similar approach for frames as was introduced by Johnstone in the
early eighties (see [12, 13]). The idea is to start with a meet-semilattice A of ‘generators’, and then introduce
a function C on A which assigns to each a € A a set C(a) of subsets of | a satisfying a ‘stability condition’.
Such a function C is known as a coverage and is meant to capture the ‘relations’ imposed on the generators.
Every meet-semilattice equipped with a coverage freely generates (as defined later in this chapter) a frame in a
canonical way — the free frame over a meet-semilattice is just a special case of this. The core references used in
this chapter are [12, 13, 31, 32].

4.1 Free frames

In the previous chapter, we claimed that Frm is algebraic. Frm is clearly equationally presentable [13, 32] — just
as semilattices and lattices are equationally presentable — therefore we need to prove that the forgetful functor
Frm — Set is a right adjoint. We will do this in two steps; first we will build free semilattices (over sets), and

then construct free frames over meet-semilattices, so that taking the composite we obtain free frames over sets.

Theorem 4.1.1. The category JSLat of join-semilattices (and their homomorphisms) is algebraic. Specifically,
the free join-semilattice on a set X is the poset F X of all finite subsets of X with the semilattice operation being

union.

Proor. (This proof is adapted from [13]). JSLat is indeed equationally presentable; therefore we need to show
that the forgetful functor JSLat — Set is a right adjoint. Let X be a set. Put FX = {S € X | S is finite}.
Order F X by inclusion, so that X becomes a poset. Since a finite union of finite sets is itself a finite set, and
@ € FX, it follows that FX is a sub-join-semilattice of £ (X). Let nx : X — FX be the function x — {x}.
Let L be a join-semilattice, and let f : X — L be a function. Then f extends uniquely to the join-semilattice

homomorphism f : FX — L defined by S — \/; {f(x) | x € S} for which the triangle

nx

X —

fl -

L

FX

commutes; indeed (f - nx)(x) = f(nx(x)) = f({x}) =V, {f(x)} = f(x). It follows that the forgetful functor
JSLat — Set is a right adjoint, and F X is the free join-semilattice on X. |
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Corollary 4.1.2. The free meet-semilattice on a set X is the set F’X of all finite subsets of X ordered by reverse
inclusion (i.e. S < T iff T C S). The finite meet operation in F’X is given by finite union.

Next we observe that it is relatively straightforward to build free frames over meet-semilattices:
Theorem 4.1.3. The free frame over a meet-semilattice A is the set D(A) of down-sets of A ordered by inclusion.

Proor. We first need to show that the forgetful functor Frm — MSLat is a right adjoint. Let A be a
meet-semilattice, and put D(A) = {X € A | Xisadown-set}. Then it is easy to see that an arbitrary
union of down-sets is a down-set, and an arbitrary intersection of down-sets is a down-set, making D(A) a
sub-complete-lattice of £ (A). In particular D(A) is a frame (the finite intersection distributes over arbitrary
union). Let s : A — D(A) be the function a — | a. Then 54(1) =] 1 = A (so 4 preserves the top), and
nalana’)=l(ana’)={xeA|lx<ana'}={xeA|x<aandx <da’}=(la)n(la’)=nala)Nnala’)
(so na preserves binary meets). It follows that n4 preserves all finite meets and is hence a meet-semilattice
homomorphism. Let B be a frame, and let f : A — B be a meet-semilattice homomorphism. We wish to
construct a unique frame homomorphism f : ®D(A) — B for which f = f - n4. Define amap f : D(A) — B
by £(X) =V ex f(x). We claim that f is a frame homomorphism:

« (@) =V f[@] =\ @ = 0p. Thus f preserves the bottom.

« f(A) = V fIA]. Since f is a meet-semilattice homomorphism, we have 1z € f[A], and hence
\/ f[A] = 1g. Thus f preserves the top.

* Let X C Y in D(A). Then f[X] C f[Y]in P (B), and hence \/ cx f(x) < Vyey f(¥) in B (i.e. f(X) <
7(Y)). Thus 7 is monotone.

* Take (X;)ier € D(A). Forall j € I, we have X; C [J;; X; in D(A). So, forall j € I, ?(Xj) <
F(Uier Xi) in B, and hence \/;¢; f(X:) < f(U;e; Xi). Letx € U;c; Xi. Then x € X; for some j € I;
fix such j € 1. We have f(x) < V{f(2) | z € X;} = f(X;) < Ve F(Xi). Hence V{f(y) | y €
Uier Xi} < Vier f(Xi). ie. f(Uier Xi) < Vier f(Xi). We can conclude that f(U;e; Xi) = Ve £(X0)
and f preserves arbitrary joins.

 Take J,K € D(A). We have f(JNK) = \V{f(x) | x € JNK}. Notice that {f(x) | x € JNK} C
{f(jrk)|jeJ,keK}(ifxeJnNK,thenx € Jandx € K,andx =xAx). Let j € Jand k € K. Then
jAk e Jand jAk € K (since J, K are down-sets), so j Ak € JNK. Thus f(jAk) € {f(x) | x €e JNK}.
It follows that { f(x) |[x e JNK}={f(j A k)| jeJ, k€ K} Then

FUNK) =\/{fGink)ljel keK}

=\ D AfR) 1 jed kek}
= (\/ N A (\/ f(k)) (since B is a frame)

jeJ keK

= f(J) A F(K).

We can conclude that f preserves binary meets.
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It follows that f : D(A) — B is a frame homomorphism. Next, observe that there exists a unique frame

homomorphism % : D(A) — B for which the diagram

f

A——— B

/7’
-
nAl /// h

D(A)

commutes. Indeed, let & : D(A) — B be a frame homomorphism such that f = & - 4. Let X € D(A). Then

h(X) = h((_J{lx|xex})

=\/ n(lx)

xeX

= \/ (h-na)(x)

xeX
=\/ f@
= f(X),

and we have already verified that the map f : D(A) —> B is a frame homomorphism. Thus f is the unique

frame homomorphism D(A) — B for which the triangle

AL)B

K
-
77AJv P
7
-

Vi
D(A)

commutes. It follows that the forgetful functor Frm — MSLat is a right adjoint, and the free frame on a

meet-semilattice A is the frame D(A) of down-sets of A. [
We can therefore construct free frames over sets by taking the composite
F’ D
Set —— MSLat —— Frm,

where F” is the functor obtained from Corollary 4.1.2. However, we will mostly be interested in the construction

of free frames over meet-semilattices — since this is particularly straightforward.

Remark 4.1.4. Bénabou was the first mathematician to show that the free frame on any set is always spatial.
One should consult [16] for some historical context of this result, and [17] for further details of the free frame

construction over a set.
Corollary 4.1.5. The category Frm is algebraic.

Via Corollary 4.1.5, we may use Theorem 3.1.6 applied to frames.

4.2 Coverages and sites

For a set X we will write P2(X) = P(P(X)). Moreover, for a distributive lattice A,
J(A) = the set of all ideals of A, ordered by inclusion.

Following Johnstone in [13], we recall the notion of coverage:
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Definition 4.2.1. Let A be a meet-semilattice. A coverage on A is a function C : A — P?(A) which
assigns to each a € A a set C(a) of subsets of | a (i.e. C(a) € P(] a)) such that the following
meet-stability property is satisfied:

(Va,be A)(VSCla) [b<a and Se€C(a)] = {bAs|seS}eC).

A meet-semilattice A equipped with a coverage C is called a site, denoted by (A, C). When (A, C) is a site, and
a € A, we call each S € C(a) a cover of a. This is indeed strange terminology, since if § € C(a) then S C | a

and hence § “sits below” a. However, this terminology will be explained shortly through some examples.

Examples of coverages

Example 4.2.2. Let A be a meet-semilattice, and define a function C : A — P?(A) by C(a) = {@}. Take
a,be Awithb <aand S € C(a) (i.e. S=@). Then{bAs|seSt={bAs|sed}={x|xe@}=0c¢€
{@} = C(b). So C is a coverage on A.

Example 4.2.3. Let A be a meet-semilattice. Define a function C : A —s P2(A) by C(a) = {| a}. Take
a,b e Awithb < aand S € C(a) (ie.S=0a). PutS, ={bAs|seSt={bAs|s < a}. Obviously
Sp Clb. Letxelb. Thenx < b <a,sobAx=x¢€S,. Hence S, =]b € C(b). Thus C is a coverage on A.

Example 4.2.4. Combining the previous two examples, it is easy to see that, for a meet-semilattice A, the
function C : A — P?(A) defined by C(a) = {@, | a} is a coverage on A.

Example 4.2.5. Let A be a meet-semilattice. Define a function C : A — P?(A) by C(a) := P(|a). Then
forany a,b € Awithb <aand S € C(a) wehave {b As|seS}teP(|lb). SoC isacoverage on A.

Example 4.2.6. Let A be a frame. Define C : A — P?(A) by C(a) := {S C A | VS = a}. Then we see
that, for each a € A, C(a) is a collection of subsets of | a. Take a,b € A with b < a and § € C(a). Then

V{bAs|seSt=bA(\/S)=bAra=b.So{bAs|seS}e C(b)andit follows that C is a coverage on the
frame A. Notice here that the meet-stability property follows as a consequence of the frame distributivity.

Example 4.2.7. Let A be adistributive lattice. DefineC : A — P?(A)by C(a) = {S C A | S is finite, and \/ S =
a}. Again, for each a € A, C(a) is a collection of subsets of |a. Take a,b € A withb < aand § € C(a). Now
{b As|s e S}is afinite set, and

\/{brs|seSy=ba\/S=bra=b.

binary meet distributes over finite join
Hence {b A s | s € S} € C(b) and it follows that C is a coverage on the lattice A. We will point out again that

here the meet-stability property follows as a consequence of the distributive property of the lattice A.

A comment on the use of the term cover

Examples 4.2.6 and 4.2.7 provide some motivation as to why, when we have a site (A, C), the elements S € C(a)
are called covers of a. The elements S € C(a) are those subsets of A whose join (if it exists) we would like to
be a. That is to say we would like

“SeCla) = \/ S=a"

In this sense it is natural to say that S covers a. However, this is just an intuitive interpretation of covers. In

general we will be working in a meet-semilattice, so we don’t necessarily have joins at our disposal.
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4.2.1 C-ideals

Let (A, C) be asite. Since A is closed under finite meets, we have the option to work with filters on A. However,
from the algebraic viewpoint, ideals are of more importance (see [6]), and we are in this section unpacking
some of the algebraic properties of frames; namely the existence of free frames. Now we don’t have joins to
work with, but we do have the coverage C which provides us with those subsets S € A that we would like to

have joins. Hence we cannot define ideals on A, but we can define the concept of C-ideal.

Definition 4.2.8. Let (A, C) be a site and J C A. We say that J is a C-ideal iff:
(i) J is a down-set, and

(i) (Vae A)(VSCla) [SeC(a) and SCJ] = acelJ.

For a site (A, C) we denote the set of all C-ideals of A by C-Idl(A), and we order C-Idl(A) by set-theoretic
inclusion. Notice that C-Idl1(A) € D(A).

Examples of C-ideals

Example 4.2.9. Let A be a meet-semilattice and let C : A — P?(A) be the coverage defined by C(a) = { | a}.
We claim that C-IdI(A) = D(A). Indeed, let J C A be a down-set and let a € A. Take S € C(a),sothatS =|a
and suppose that S C J. Then clearly we have a € J. So that J is a C-ideal (in this case J is non-empty). Notice
that if J = @ then, for eacha € A and S € C(a), S € J (so we don’t need to check the second requirement of
Definition 4.2.8) and it follows automatically that J/ = @ is a C-ideal. Hence D(A) C C-1dI(A). So the C-ideals

of A are precisely the down-sets of A.

Example 4.2.10. Let A be a distributive lattice, and let C : A — P2(A) be the coverage defined by
C(a) ={S € A | Sisfinite, and \/ S = a}. We will show that C-IdI(A) = J(A). Let J € C-IdI(A). Then J
is a down-set. Consider the bottom 0 € A. Since 0 = \/ @, it follows that @ € C(0). Now @ C J, hence 0 € J.
So J is non-empty. Take x,y € J. Then there exists ¢ € A such that ¢ = x V y, in which case {x, y} € C(a).
Hence a € J. So J is an ideal. Now let J’ € J(A). Then J’ is a down-set. Take ¢’ € A and S € C(a’), such
that S € J. Now S is finite and \/ § = a’, so a’ € J’ since J’ is closed under finite joins. It follows that J’ is a

C-ideal. So in this case, the C-ideals of A are precisely the ideals of A.

An important proposition

Lemma 4.2.11. Let A be a meet-semilattice, and consider the down-set frame D(A). Take X,Y € D(A). Then,
forall a € A,
ace(X=Y) iff XnlacCy.

Proor. Leta € A.
(=) Suppose that a € (X = Y). Thena € | J{Z € D(A) | X N Z C Y}. This means that there exists some

Z € D(A)suchthat XNZ C Y anda € Z. Since Z is adown-set, we have |a C Z. ThenXN [la C XNZ CY.
Hence XN |a CY.
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(<) Suppose that X N |a C Y. Since a € | a, it follows that a € |J{Z € D(A) | X N Z C Y}. That is to say,
ace(X=7). ]

For a site (A, C) we have seen that C-Idl1(A) € D(A), but we can in fact say more:
Proposition 4.2.12. Let (A, C) be a site. Then C-1d1(A) is a sublocale of the down-set frame D(A).

Proor. (i) Let (J;);er € C-IdI(A). Then ();¢; J; is an intersection of down-sets, and is thus itself a down-set.
Leta € Aand S € C(a) such that S C (;¢;Ji- Then S C J; for each i € I, and hence a € J; for each i € I,
which implies that a € (;¢; J;. Thus (;¢; J; € C-1d1(A). It follows that C-Idl(A) is closed under meets in
D(A).

(ii) Take X € D(A) and J € C-IdI(A). We need to verify that (X = J) € C-IdlI(A), where = is the Heyting
implication on D(A). Note that

x=J=| {zeDA)|XnZCc}

we need to verify that this is a C-ideal

Firstly, X = J is a union of down-sets, so X = J is adown-set. Leta € A, S € C(a) and S C (X = J). We
wish to show that a € (X = J), i.e. we would like to show that X N |a C J. Take b € XN [a. Then b < a, so
S ={bAs|seS}eC(b). Letx € §’, then there exists s € S such that x < s, sox € | S and hence §" C | S.
Since S € (X = J), it follows that | S € (X = J) (because | (X = J) = X = J as X = J is a down-set).
Hence ' C (X = J). Lets € S. ThenbAs e (X = J),andso XN [ (bAs) CJ. Since b € X, it follows
that b A s € X, and in particular b A s € X N | (b A 5) — which gives b A s € J. Thus §’ € J, from which we
conclude that b € J since J is a C-ideal. Therefore X N |a C J, and X = J is a C-ideal. [ |

Remark 4.2.13. Since C-Idl(A) is a sublocale of D(A), we know that C-IdI(A) is a frame in which, for any
(Ji)ier € C-1d1(A),

e ﬂ],- and \/J; = ﬂ{J e C-1dI(A) | UJi cJ}.

i€l i€l iel iel
Moreover, the inclusion j : C-IdI(A) — D(A) is a localic map, i.e. the map j* : D(A) -» C-Idl(A) is a
surjective frame homomorphism (where j* 4 j). Specifically, for X € D(A),

(X)) = ﬂ{] e C-IdI(A) | X € J}.

4.3 Freely generated frames

We now cover the concept of freely generated frame. This was introduced by Johnstone in [12, 13]; his goal was
to describe frames by ‘generators and relations’ (just as any other algebraic structure) in which the generators
constitute a meet-semilattice A, and the relations are described by a coverage C on A. Particular applications of
this idea include the construction of coproducts in Frm (see [13, Ch. 2]) and the description of the locale £(R)
of the real numbers (see [13, Ch. 4]) — Banaschewski expanded on this description of £(R) in [1].

Definition 4.3.1. Let (A,C) be a site, and let B be a frame. A meet-semilattice homomorphism
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f : A — B is said to transform covers to joins (or is a C-transformer) iff

(Ya € A)(¥S € C(a) f(a)=\/fIS].

Remark 4.3.2. Intuitively, for a meet-semilattice homomorphism f : A — B (where (A, C) is a site, and B is
a frame) to be a C-transformer, we are requiring that “f preserves joins”. Recall that, for S € C(a), intuitively
we would like \/ § = a; so in some sense the requirement f(a) = \ f[S] means “f(\V S) = V f[S]”. Of

course (A, C) need not have joins; we are just emphasising the intuition here.

Definition 4.3.3. We say that a frame B is freely generated by a site (A, C) iff there exists a C-transformer
f : A — B with the property that for any frame B’ and any C-transformer f’ : A — B’ there exists a

unique frame homomorphism 4 : B — B’ such that the diagram

A;B’
2
fl et
'

Y

=

commutes.

Theorem 4.3.4. For any site (A, C), the frame C-1d1(A) is freely generated by (A, C).

Proor. Let (A, C) be a site, and consider the frame C-IdI(A). Recall that we have a surjective frame homo-
morphism j* : D(A) » C-Idl(A) defined by X +— ({J € C-IdI(A) | X C J}. Consider the meet-semilattice
homomorphism 774 : A — D(A) defined by n4(a) = | a. The composite j* - n4 is thus a meet-semilattice
homomorphism A — C-IdI(A). For a € A we have

J (maa)) =j"(la)

=( |/ € C-1di(A) | La € J}
(| e C-1dI(A) | a €}
= Jg.

(j* -na)(a) =: J, is the smallest C-ideal J for which a € J. We claim that j* - 54 : A — C-Idl(A) is a
C-transformer. Let a € A and S € C(a). We must show that J, = \/ g Js.

* Fix some s € S, and consider J;. We have S C | a, so s < a, which yields s € J, (since a € J, and J,, is
a down-set). But J, is the smallest C-ideal that contains s, hence J; C J,. Thus we have shown that, for
alls € S, J, C J,.

e LetJ’ € C-Idl(A) be such that, forall s € S, J; C J’. Then, foralls € §,s € J/,s0 S C J’. Since J' is a

C-ideal, we obtain a € J’. But J, is the smallest C-ideal containing a, hence J, C J’.

From what we have shown above, it follows that J,, is the least upper bound of {Js | s € S}, ie. J; = Ves Js-
We can conclude that the map j*-n4 : A — C-Idl(A) is a C-transformer. Let B be a frame, and let
f : A — Bbe a C-transformer. We wish to construct a unique frame homomorphism /4 : C-Idl(A) — B for
which f = h- j* - na. Consider the map f : D(A) — B defined by f(X) = \/,cx f(x) (as in the proof of
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Theorem 4.1.3). Then f is the unique frame homomorphism D(A) — B for which f = f -na. We therefore
obtain the following diagram in MSLat:

S

A—— B

2
7
7]Al -
7
7

D(A)

|

C-1dI(A).

<IN

Let g : B — D(A) be the right adjoint of f (g is of course a localic map). Then, for each b € B,

g(b) = J{xed@)|\/ fx) <b}

xeX

- U{X € D(A) | (Vx € X) f(x) < b}.

Notice that g(b) is a union of down-sets and is thus itself a down-set. For each b € B, put A, = {x € A |
f(x) < b}. Fix some b € B. We claim that g(b) = Ap:

e Leta € Ap. Then f(a) < b. Moreover, for all y € | a, we have f(y) < f(a), and hence f(y) < b.
Therefore |a € {X € D(A) | (Vx € X) f(x) < b}. Hence a € g(b),i.e. Ap C g(b).

* Leta € g(b). Then there exists X € D(A) with a € X and (Vx € X) f(x) < b. In particular, f(a) < b.
Hence a € A, i.e. g(b) C Ap.

‘We can conclude that, for each b € B,

g(b) ={xe A f(x) <b}.
We claim that, for all b € B, g(b) is a C-ideal of A. Fix some b € B.

* We have already seen that g(b) is a down-set.

eletaec A, SeC(a)and S C g(b). Forall s € S, f(s) < b, and hence \/ f[S] < b. Now fisa

C-transformer, so we have f(a) < b, and therefore a € g(b).

We can conclude that g(b) € C-IdI(A). Denote by g the map B — C-IdI(A) where (Vb € B) b —— g(b).
Denote by 7|C-Idl (a) the restriction of f to C-1dI(A). Both g and 7|C-Idl( ) are monotone, and 7|C-Idl (a) 18
Since the sublocale g[B] is contained in the sublocale C-IdI(A), it follows that g[B] is a sublocale of C-1d1(A).
Therefore g is a localic map B — C-IdI(A) (i.e. 7|C_Idl( ) 18 a frame homomorphism). Then we obtain the

following commutative diagram in Loc::

D(A)

B 8
S~

C-1dI(A).

By dualising the diagram (4.1), we obtain the following commutative diagram in Frm:

D(A)

! B
S e (42)
J* Sficaaa)

C-1dI(A).
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Let? : C-IdI(A) — B be a frame homomorphism for which f =¢ - j*. Then

ficaaay "7 =t-J%

and hence 7|C_Idl( a) =1 (since j™ is epic in Frm).

Therefore ﬂc_ldl( ) is the unique frame homomorphism C-1dI(A) — B for which the diagram (4.2) commutes.

In summary, the diagram (viewed as in MSLat)

UAl prod
-7 f

!
D(A) /
j*l // ficaaca)
C-IdI(A)

commutes. Let g : C-IdI(A) — B be a frame homomorphism for which f = g-j*-n4. Then (q-j*)-na = f-1a4.
Recall that f is the unique frame homomorphism % : D(A) — B for which f = h - na. Therefore,
g-j*=f= 7|C—Idl( a) -J " But j* is epic in Frm, hence g = 7|C_Idl( ). Therefore 7|C-Id1( a) is the unique frame

homomorphism for which the triangle
f

A—— B

A
-

J'*'UAl Jrod
-7 flcaaa
C-1dl(A)

commutes. We can conclude that the frame C-Id1(A) is freely generated by the site (A, C). [

Remark 4.3.5. We have seen that when A is a distributive lattice, we obtain, by setting (Ya € A) C(a) = {S C
A | Sis finite, \/ S = a}, a site (A, C) for which C-1d1(A) = J(A) = {J € A | Jisanideal of A}. We may
therefore conclude that the frame of ideals J(A) is freely generated by (A, C). Moreover, as a consequence
of Theorem 4.3.4, Johnstone (in [13]) demonstrates that the construction A — J(A) extends to a functor
3 : DLat — Frm (where DLat is the category of distributive lattices and their homomorphisms) which is left
adjoint to the forgetful functor Frm — DLat (the functor J is said to be the ideal functor and has been studied
thoroughly, for example see [36]). Following Banaschewski (in [2]) those frames B which are isomorphic to a
3(A) (for A a distributive lattice) are said to be coherent. Banaschewski showed that all coherent frames are

spatial — in fact the spatialness of coherent frames is equivalent to the Boolean Ultrafilter Theorem.
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Chapter 5

Compactness

In point-set topology, compactness! is a fundamental invariant. It is a property that is often viewed as being
internal to a space (when one uses the open-cover definition), but it also has a categorical (or extrinsic)

characterisation; the so-called Kuratowski-Mréwka Theorem for compactness:
Theorem 5.0.1. A space X is compact iff, for all spaces Y, the projection ny : X XY — Y is closed.

Theorem 5.0.1 was proved in full generality for topological spaces by Mréwka in the year 1959 (see [24]). We
note that before this result of Mréwka, there was Kuratowski (in 1931) who proved that for a compact metric
space X the projection y : X XY — Y is closed for any metric space Y [18]. Mrowka’s insight was purely

topological, however the same result can be proved using the technique of proper maps, as we will spell out below.

For the following argumentation, we recall [5]. We call a continuous map f : X — Y of topological spaces

proper iff f is closed and in every pullback diagram

x Ly

¢ I

X — Y
7

the map f’ is closed. We speak of the proper map f being stably closed. Not every closed map of spaces is
stably closed, and thus ‘stably closed’ is stronger than ‘closed’. Opting for an alternative (yet what will turn out

to be equivalent) definition of compactness, we have

Definition 5.0.2. A space X is said to be compact iff the unique map !x : X — 1 (from X to the
terminal space 1) is proper.

Note that pullbacks of !x : X — 1 are precisely the projections of the form y : X XY — Y (for Y € Top);
it follows that if !x is proper then my is closed for all Y, conversely if 7y is closed for all Y then (since !x is
closed) !x must be stably closed. We therefore obtain Theorem 5.0.1 immediately from Definition 5.0.2, and

thus the open-cover definition of compactness and Definition 5.0.2 are equivalent.

The open-cover definition of compactness carries over seamlessly from spaces to frames and locales, and the full
Kuratowski-Mréwka Theorem characterising compact locales was proved by Pultr and Tozzi in [35]. Vermeulen

1A topological space X is compact iff every open cover of X contains a finite subcover.
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(in [41]) also provided a proof of the point-free Kuratowski-Mréwka Theorem in which he used (and pioneered)

the techniques of proper maps of locales.

The goal of this final chapter of the thesis is to prove the Kuratowski-Mréwka Theorem for frames and locales,
while unpacking detailed arguments from [31, 35]; however, we won’t use the technique of proper maps of

locales.

5.1 Introducing localic compactness

Definition 5.1.1. Let A be a frame. A cover of A is a subset U C A such that \/ U = 1. A subcover U’
of acover U is asubset U" C U C A such that \/ U’ = 1.

Definition 5.1.2. A frame A is said to be compact iff every cover of A contains a finite subcover.

In the terminology of [33], compactness is a conservative property:
Observation 5.1.3. A space X is compact iff its frame of opens OX is compact.

Lemma 5.1.4. Let A be a frame, and let S C A be a sublocale. If S is closed, then the non-empty joins in S

coincide with the non-empty joins in A.

Proor. Let S be closed. Take a non-empty subset (a;);e; € S. Recall that the join | |;c; a; of the a; in the
sublocale S is given by the formula

I_Ia,-:/\{seSl\/ai<s}.
iel iel
Since S is closed, S =Ta for some a € A. So,
I_Iai:/\{seA|a<sand \/ai<s}.
i€l iel
Now, a < a; forall i € I, so we can write
Uai=/\{seA|\/ai<s}=\/a,~.
iel iel iel
|

Remark 5.1.5. Even if S is closed, we cannot expect the empty join in S to coincide with the empty join in A.
When S is closed we have S =Ta for some a € A, hence | | @ = a, while \/ @ = 04.

The following two propositions are analogous to results that appear in point-set topology.
Proposition 5.1.6. Let A be a compact frame, and let S C A be a closed sublocale. Then S is compact.

Proor. Firstly, note that if § = {14} then S is trivially compact. So let S be a non-trivial closed sublocale
(i.e. S =Ta for some a € A with a # 14), and suppose U C § is a cover of S. Then clearly U is non-empty,
hence (by Lemma 5.1.4) U is also a cover of A. Since A is compact, there exists a non-empty finite U’ € U
such that | |U’ = \/ U’ = 1 4. Therefore S is compact. [
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Proposition 5.1.7. Let f : A — B be a localic map, and let S C A be a sublocale. If S is compact, then f[S]

is compact.

Proor. Let S be compact. The localic map f : A —> B restricts to a surjective localic map f : S - f[S]
where s — f(s). Let 7* : f[S] = S be the left adjoint of f. 7* is an injective frame homomorphism. Since
f and 7* are adjoint we have f- ?* f= idrpsy - f,and f is epic in the category of posets, so f- 7* =idyss).
Let U C f[S] be a cover of f[S]. We have \/7*[U] = 7*(\/ U) = 7*(1) =1, ie. T[U] is a cover of
S. Since S is compact, there exists a finite U’ C U for which \/T[U’] = 1. We have 1 = 7*(\/ U’), so
fH)=1=Ff- f*(v U’) = \V U’. We can conclude that f[S] is compact. [ ]

Proposition 5.1.7 allows us to conclude that compactness is a ‘localic property (invariant)’ (just as compactness
is a topological property): if A is a compact frame (locale), and B is a frame (locale) which is isomorphic to A,
then B is compact.

Other than compactness being a localic invariant, compactness of frames is very well-behaved under coproducts
Ai is
compact — this is the localic Tychonoff Theorem, its proof was first published by P.T. Johnstone in [12]. What

of frames (i.e. products of locales): if (A;);cs is a family of compact frames, then their coproduct @i el
is remarkable about this result is that its proof does not require the Axiom of Choice, and is in fact constructive
[19].

5.2 Briefly on binary coproducts of frames

Since the category Frm is algebraic, Frm has coproducts (dually, Loc has products) — recall Theorem 3.1.6.
We will only be interested in binary coproducts of frames in this chapter. Let A and B be frames, we will denote
their coproduct in Frm by A @ B. Of course, A @ B can either be viewed as a coproduct of frames or a product

of locales, we have (with morphisms as viewed in the category of posets)

TA B
— —
T T
A - A®B T B,

where ¢4, tp are the frame coproduct inclusions, and 74, g are the localic product projections.

Definition 5.2.1. A base for a frame A is a subset U C A such that, for each a € A,

a:\/{u€U|u<a}.

For topological spaces X and Y, a base for the product space X X Y is provided by ‘open rectangles’ of the form
UxV = n)‘(l [U] n n;l [V] where U € OX,V € OY and nx, y are the product projections. Accordingly, in
the point-free case, a base for the coproduct frame A & B is provided by elements of the form 77, (a) A 7% (b)
(= ta(a) A p(b)) [42] — this agrees with the intuition that 7} is formal preimage along 7r;. We write, for each
acAandb € B,a®b :=1a(a) Aig(b). Hence, the system {a® b | a € A, b € B} is a base for A @ B. Notice
that ta(a) = ta(a) A1 =ta(a) Ag(l) =a & 1, similarly t5(b) = 1 & b. We therefore use the convention of

writing tq :a+—— a®land g : b —> 1 & b. Moreover, if Opagp F a®banda ® b < a’ ®b’,thena < a
and b < b’ (see [31]).

Lemma 5.2.2. Let A and B be frames such that A ® B is non-trivial (i.e. 0Oagp # 1aepB). Then the coproduct

inclusions 14 and tg are monomorphisms in Frm.
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Proor. Obviously, if a = 04, then t4(a) = Oaep (because frame homomorphisms preserve 0). So suppose
a,a’ € A such that a,a’” # 0 (i.e. 0 < a and 0 < a’). Since A @ B is non-trivial, and ¢4 is order-preserving
(monotone), we have Oagp < ta(a) and Opgp < ta(a’). Assume tq(a) = ta(a’). Thena® 1 =a’ & 1. So,
adl<a dlanda’®1 <a®l. Hence,a < a’ and a’ < a, i.e. a = a’. Therefore ¢4 is injective (i.e. a

monomorphism in Frm). The proof for showing that ¢p is injective is similar. [

In what follows, we will often express an arbitrary element ¢ of the coproduct frame A @ B as a join of the form
¢ =V;e(a;®b;), where, foreachi € I, a; € Aand b; € B. This is always possible since {a®b | a € A, b € B}
is a base for A @ B.

Consider frame homomorphisms /; : A; — Bj and h; : A, — B;. We then have a frame homomorphism
hi @ hy : Ay ® Ay — By @ B», called the coproduct map of hy and h;, which is obtained via the universal
property of coproducts:

A —1 B

LA,l lLBl

hi®h
A ®A, -*25 By B,

LAZT ’ILBZ

Ay ———— B».
)

Moreover, for a; € A and a, € A;, we have

h1 @ hy(a) ® az) = hy ® ha(ea, (ar) A a,(az))

= hy @ hy(1a,(a1)) A hy @ ha(ta,(az))
tg, (hi(ar)) A g, (ha(az))
hi(ar) @ ha(az).

5.2.1 The unit decomposition property

Lemma 5.2.3. Let A and B be frames, such that A @ B is non-trivial, and set 1 sgp = \icj(a; ® b;). Then
\/iel a; = lA and \/iEI bi = 13.

Proor. We have \/;c;(ta(a;) Atp(b;)) = 1agp. Foreachi € I, 14(a;) Atp(b;) < tala;), hence V¢ (ta(a;) A
tp(b;)) < Vierta(a;), and it follows that \/;c;ta(a;) = ta(Vierai) = lagp. Since t4 4 m4 (Where ty4 is
injective, and 7 4 is surjective) we have 4 - t4 = ida. Now, 14 = ma(laes) = ma(ta(Vies @) = Viey ai. An

identical argument to the above yields \/;c; b; = 1p. [

YN

The following theorem is a result of KiiZ and Pultr in their paper [20, Theorem 3.9], to prove it, they define
objects called semitrees and invoke the Axiom of Choice. Below, our proof avoids the use of both semitrees

and the Axiom of Choice.

Theorem 5.2.4. Let A be a compact frame, and let B be a non-trivial frame (i.e. Ogp # 1p). Set 1agp =
Vier(ai ® b;). Then there exists a finite K C I for which \/;cg a; = 1 and \;cx bi # 0.

Proor. ByLemma5.2.3wehave \/;.;a; = land \/,;¢; b; = 1. Since A is compact, there exists a finite K’ C I for
which \/,;cx» a; = 1. Since \/;¢; b; = 1, there exists a € I for which b, # 0; fixsucha@ € I. Put K = K’ U {a}.
Then K is finite, and \;cg a; = 1. Suppose A;ex bi = 0. Then tg(A;ex i) = Njex tB(bi) = Oassn.
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For each i € K, ta(a;) A tg(b;) < tg(b;), thus, for each i € K, \/;cx(tala;) A tg(b;)) < tp(b;). This
yields V;ex (ta(ai) A wp(bi)) < Aiek ts(bi), and hence V,ex (ta(a;) A tg(bi)) = Osgp. For eachi € K,
talay) Nip(ba) < Viex(tala;) Atg(by)). Tt follows that, for each i € K, ta(a;) A tp(by) = 0aep, hence
Viexk (ta(ai) A tp(bg)) = Oaep. By the frame distributivity we have Ougp = tp(bo) A (Ve tala;)) =
tB(ba) Nta(Viek ai) = tg(bga) A 1agp. It follows that tg(b,) = Oaep. But since g 4 mp (With (g injective
and mp surjective), it follows that 7g(tg(by)) = be = (0aep) = Op (note that 75(04ep) = 0p because
g is monotone and surjective). We have thus obtained a contradiction. It must therefore be the case that
Niek bi #0. [

The proof of Theorem 5.2.4 appears as though it invokes a proof by contradiction, but it is in fact a proof of
negation in which the principle of excluded middle is avoided (for further details on the technique of proof of

negation, see [28]). We have therefore obtained Theorem 5.2.4 constructively.

Definition 5.2.5. Let A be a frame. A is said to satisfy the unit decomposition property (UD) ift, for
any frame B and each decomposition of the unit 1465 = V;c;(a; ® b;), the system {A;cx b; | K C
I for which \/;cg a; = 1} is a cover of B.

Proposition 5.2.6. Every compact frame satisfies UD.

Proor. Let A be a compact frame, B an arbitrary frame, and set 1agp = V;e;(a; ® b;). Put U = {A;cx bi |
K C Iforwhich \/;cxa; = 1}. Suppose that U is not a cover of B, and put b = \/U. Then b # 1,
hence the closed sublocale T/ is a non-trivial frame. The localic embedding j :Tb < B is right adjoint
to the sublocale homomorphism j* : B »Tb. Foreachx € Band y €Tb, j*(x) < y iff x < y. Hence
we can write j*(x) = A{y €Tb | x < yinB} = A{y €e B| b < yandx < y} = b VvV x. Consider
the frame homomorphism idy © j* : A® B — A® Th. We have lagyp = idg ® j* (Vi (a; ® b;)) =
Vierida ® j*(a; ® by) = V;er(a; & j*(b;)). By Theorem 5.2.4 there is a finite K C I for which \/,;cg a; = 1
and A\;cx J5(b;) # b. Tt follows that A;cx b; € U, s0 A;jcx bi < b,andhence b V (A;cx bi) = b. On the other
hand, b # A;ex J*(bi) = J*(Nijex bi) = b V (A\;ex bi). We have thus obtained a contradiction. It must be the

case that U is a cover of B, and hence A satisfies UD. [ ]

Lemma 5.2.7. Let A be a frame which satisfies UD, and let B be an arbitrary frame. Take c € A® B, and set ¢ =
Vier(a;®b;). Ifthere exists b’ € B suchthat 1®&b’ < c, then b’ < \/{/\;ex bi | K C I for which \/,;cx a; = 1}

Proor. Let b’ € B be such that 1 @ b’ < c. Consider the sublocale homomorphism % : B - | b’ defined by
x +—> b’ A x. Consider the frame homomorphism idga @ h: A® B — A® |b’. Wehaveidy ® h(1 & b’) =
1®h(b’') = 1&b" = 14®1 |y = Lag|pr. Thus 1pg |y = ida®h(c) = ida®h(V ;e (ai®b;)) = Ve (ai®h(h;)) =
Vier(a; ® (b’ A b;)). Since A satisfies UD, we have b’ = \/{A;cx (b’ A b;) | K C I for which V;cxa; =
1} =b" ANV { jex bi | K C I for which \/;cx a; = 1}. Hence b’ < \/{\;ex bi | K C I for which \/;cx a; =
1}. [ ]

5.3 Closed localic maps

We now collect together a few important and useful characterisations of closed localic maps.

Proposition 5.3.1. Let f : A — B be a monotone map between posets. We have f|Ta] C1 f(a) for each
a € A.
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Proor. Leta € A and b € f[Ta]. There exists an x € A with a < x such that b = f(x). Since f is monotone,

we have f(a) < f(x) = b. Hence b €7 (a). [ ]
Corollary 5.3.2. Let f : A —> B be a localic map. For each sublocale S C A we have f[S] C m

Proor. Let S C A be a sublocale, and set a = A S. By Proposition 5.3.1 we have f[S] = f[TAS] = f[Ta] C
/(@) =1f(AS) =TA f15] = FIS]. =

Lemma 5.3.3. Let f : A — B be a localic map. For each a € A and b € B, we have

fla)vb < flav fi(b)).

Proor. Leta € A and b € B. Since f* 4 f, we have b < ff*(b). Hence f(a) Vb < f(a)V ff*(b). We
have a < a Vv f*(b) and f*(b) < a Vv f*(b), so f(a) < f(aV f*(b)) and ff*(b) < f(aV f*(b)). Hence
fla) v ff7(b) < flaV f7(b)). L

Lemma 5.3.4. Let f : A — B be a localic map. For each a € A and b,b’ € B we have
b'< flayvb = f*(b')<aV f*(b).
Proor. Takea € A and b, b’ € B. Let b’ < f(a) vV b. Then f*(b’) < f*f(a) v f*(b). Since f* 4 f, we have

f*f(a) < a. Thus f*f(a) vV f*(b) < aV f*(b). [ |

Definition 5.3.5. A localic map f : A — B is said to be closed iff, whenever S C A is a closed
sublocale, the sublocale f[S] is closed.

Proposition 5.3.6. Let f : A — B be a localic map. f is closed iff, for each a € A, f[Ta] =Tf(a).

Proor. (=) Let f be closed, and take a € A. Then f[ Ta] =Tb for some b € B. Since f is monotone, f(a) is
the least element of f[ Ta] =Th. Thatis to say, b = f(a).

(&) Trivial. ]
Combining the results of Propositions 5.3.1 and 5.3.6, we obtain

Corollary 5.3.7. Let f : A — B be a localic map. f is closed iff, for each a € A, Tf(a) C f[Tal.

As in point-set topology, closedness of localic maps can be reformulated in terms of a closure operator:
Corollary 5.3.8. Let f : A — B be a localic map. f is closed iff, for any sublocale S C A, m c fIS].

Proposition 5.3.9. Let f : A — B be a localic map. f is closed iff, for eacha € Aand b € B, f(aV f*(b)) <
f(a)V b.

Proor. (=) Let f be closed, and take a € A and b € B. We have f[Ta] =Tf(a). Note that f(a) Vb €Tf(a),
hence there exists x € Ta such that f(a) V b = f(x). Then b < f(x), so f*(b) < x. Since a < x, we have
aV f*(b) < x,and hence f(a Vv f*(b)) < f(x).

(<) Suppose that, for eacha € A and b € B, f(aV f*(b)) < f(a) Vb. Take a € A and b € B such that
f(a) < b (i.e. b €Tf(a)). Then f(a) Vb =b,s0 f(aV f*(b)) < b. ByLemma5.3.3,b < f(aV f*(b)), so
b= f(aV f*(b)). Hence b € f[1a]. [ |
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Corollary 5.3.10. Let f : A — B be a localic map. f is closed iff, for eacha € A and b € B, f(a) V b =

flav f*(b)).

Proposition 53.11. Let f : A — B be a localic map. f is closed iff, for each a € A and b,b’ € B,
< fla)vb = f*(b') <aV f*(b).

Proor. fisclosediff (Ya € A)(Vb € B) f(a)Vb = f(aV f*(b))iff (Va € A)(Vb,b" € B) b’ < f(a)Vh —

b’ < f(avV f*(b))iff (Va e A)(Vb,b’ €e B)b' < f(a) Vb — f*(b’) <aV f*(b). [ ]

Corollary 5.3.12. Let f : A — B be a localic map. f is closed iff, for each a € A and b,b" € B,

Xy <av f*(b) = b’ < f(a)Vb.

Proposition 5.3.13. Let f : A — B be a localic map. f is closed iff, for each a € A, there exists b”’ € B such
that f*(b"") < a and, for each b,b’ € B, f*(b’) <aV f*(b) = b’ <b" Vb.

Proor. (=) Let f be closed, and take a € A. Since f* 4 f, f*(f(a)) < a. Let b,b’ € B be such that
fr(b") <aVv fr(b). Since fisclosed, b’ < f(a) Vv b.

(<) Let the conditions of the hypothesis be satisfied. Leta € A and b, b’ € B be such that f*(b’) < aV f*(b).
There exists b”” € B for which f*(b"") < a, hence b” < f(a). Then b’ < b” vV b < f(a) vV b. Therefore f is
closed. [

5.3.1 Closed projections

Of the various characterisations for closed localic maps thus presented, Corollary 5.3.12 and Proposition 5.3.13
will be of particular importance to us. Consider a binary coproduct of frames A @ B, and the localic projection

ng: A® B — B. Corollary 5.3.12 applied to 7 yields

Observation 5.3.14. g is closed iff, foreachc € A® Band b, b’ € B,
leb'<cv(l®b) = b’ <nmp(c)Vh.
Meanwhile, Proposition 5.3.13 yields

Observation 5.3.15. 7 is closed iff, for each ¢ € A & B, there exists b’/ € B such that 1 ® b”” < ¢ and, for
eachb,b’ e B,1®ob’' <cVv(l1®b) = b’ <b”Vh.

5.4 Constructing the localic Kuratowski-Mréwka Theorem

We now have all the machinery available to construct the Kuratowski-Mréwka Theorem.
Theorem 5.4.1. Let A be a frame satisfying UD. For any frame B, the projection np : A ® B — B is closed.

Proor. Take a frame B, and consider the coproduct A @ B. Let ¢ € A @ B, and set ¢ = \/;¢;(a; ® b;).
Put b” = \V/{A\;ex bi | K € I for which \/;cxa; = 1}. For each K C [ satisfying V;cxa; = 1, we
have a; & N\;ex bi < aj @ bj forall j € K. Hence, \jex(a; & Ajek bi) < Vjex(aj ® bj;) < c. By frame
distributivity, we have (\ jex a;)®/\;ck bi < ¢,andhence 1® /\;ck b; < c. Therefore 1&b” < c. Leth,b’ € B
be such that 1 ® b’ < ¢ v (1 ® b). Then we may write 1 ® b’ < (V;¢1(a; ® bi)) vV (1@ D) = V,epu«y(ai @ by)
where a, = 1 and b, = b. By Lemma 5.2.7, b’ < \/{Ajex i | K € I U {x} for which \/;cxa; = 1} =
V{Aiex bi | K C I for which \/;cg a; =1} vV b = b"” v b. We may conclude that 7 is closed. [ ]
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Since every compact frame satisfies UD (Proposition 5.2.6) we obtain
Corollary 5.4.2. Let A be a compact frame. For any frame B, the projection nrg : A ® B — B is closed.

We now wish to obtain the converse of Corollary 5.4.2. That is, we wish to show thatif 715 : A® B — B is
closed for all frames B, then A is compact. Our approach will be through the contrapositive. That is, we will

assume A to be a non-compact frame, then construct a frame B for which 75 : A @ B — B is not closed.

5.4.1 The converse

Let A be a non-compact frame. Fix a cover U of A for which, for all finite F € U, F does not cover A. Define
Ay ={M CA|l1eM = Ffinite F C U for which T\/ F € M}.

Proposition 5.4.3. Ay is an Alexandroff topology on A.

Proor. As 1 ¢ @, @ € Ay. We have 1 € A and, for all finite F € U, TV F C A. Hence A € Ay. Let
(M;)ier € Ay. Suppose that 1 € J;c; M;. Then there exists j € I for which 1 € M;. As M; € Ay, there
exists a finite /' € U for which T\/ F € M; C (J;; M;. Hence | J;c; M; € Ay. Now instead suppose that
1 € N;er M;. Then, for eachi € I, 1 € M;. For eachi € I, there exists a finite F; C U for which T\/ F; C M,;.
(Mies Fi is finite and, since (for each j € I) (;¢; Fi € F;, we have (foreach j € 1) TV (N;e; Fi) STV F; € M;.
Thus TV (Nier Fi) € Njer(TV Fj) € (jer M;. We conclude that (;¢; M; € Ay. |
Corollary 5.4.4. Ay is both a frame (spatial, in particular) and a coframe.

Remark 5.4.5. From this point onwards, we will treat Ay; as a frame.

Observation 5.4.6. Foreachu € U, Tu € Ay.

Proor. Take u € U, and consider Tu. We have 1 € Tu and, by setting F,, = {u}, we obtain \/ F,, = u. Hence
™V F, CTu. ]
Consider the coproduct A @ Ay, and set ¢ := \/ ey (u® Tu).

Lemma 5.4.7. 1aga, =cV (14 ® (AN {14})).

Proor. Foreachu e U, u @ A=u® (Tu VvV (AN{1})) = (u® Tu) V(ud (AN{1}) <cV (Il (AN{l})).
Hence, \/,cy(u®A) <cV(1&(AN{1})). But V,.p(u®A)=(VU)@A=14& 14, = laga,- [ ]

Lemma 5.4.8. Consider the localic projection ma,, : A® Ay — Ay. We have ms,,(c) = @.

Proor. Suppose that 74,,(c) # @. If 1 € m4,,(c), then there exists a finite F C U for which T\/ F C 74, (¢).
Since \/ F # 1, there exists a € A with a # 1 such that a € w4, (c). If 1 ¢ ms,,(c), then there exists a € A
with a # 1 such that a € ma,,(c). Thus, fix an a € A with a # 1 such that a € 74, (c). Consider the frame
homomorphism 4, : Ay — A, defined by

1 foraeM,

ha(M) = _
0 otherwise.

Consider the coproduct diagram
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Foreach u € U, p(u® Tu) = ¢(ta(u) A tay (Tu)) = p(ea(u)) A o(tay (Tu)) = u A ha(Tu). Now

1 foru<a,
ha(Tu) = '
0 otherwise.
Hence,
u foru <a,

P (ue Tu) = |
0 otherwise.

This means that a is an upper bound of the set {¢(u® Tu) | u € U}, andhence /iy ¢(u® Tu) = o(V ey (u® T
u)) = ¢(c) < a. Also, o(1 ® ma, () = (ta(l) A tay(ray(€)) = ¢(ta(1)) A p(tay (may,(c))) = 1T A
ha(ma,(c)) =1 A1 =1. Thus ¢(c) < ¢(1 ® ma,(c)). We have p(1 & ma,,(c)) £ ¢(c), which implies that
1 ®ma, (c) £ c,and hence ta,, (74, (c)) £ c. This is a contradiction, since t4,, 4 m4,,. We may conclude that

Tay,(c) =@. [
Proposition 5.4.9. The projection s, : A ® Ay — Ay is not closed.

Proor. Recall Observation 5.3.14. By Lemma 5.4.7, we have 14 ® 14, < ¢V (14 ® (A \ {14})). While, by
Lemma 5.4.8, 14, € ma,(c) V (AN A{l4}). [

In all we have shown that if A is non-compact, then there exists a frame B for which the projection np :
A ® B — Bisnotclosed (i.e. if the projection 7 : A® B — B is closed for all frames B, then A is compact).

We have thus obtained the point-free Kuratowski-Mréwka Theorem:

Theorem 5.4.10. Let A be a frame. The following statements on A are equivalent:
(i) A is compact.
(if) A satisfies UD.

(itt) For all frames B, the localic projection ng : A ® B — B is closed.
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